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Abstract

The Reidemeister torsion is a well-known invariant in the field of algebraic topology,
but is generally difficult to calculate in practice. In this thesis, we develop an algorithm
that calculates the Reidemeister torsion of the geometric realization of a simplicial set.
We implemented the algorithm in SageMath and used it to numerically calculate the
Reidemeister torsions of the Poincaré homology 3-sphere with respect to all irreducible
complex representations of its fundamental group. Similar calculations were also per-
formed for several lens and product spaces.

Zusammenfassung auf Deutsch

Die Reidemeister-Torsion ist eine bekannte Invariante auf dem Gebiet der algebraisch-

en Topologie. Sie lasst sich in der Praxis jedoch im Allgemeinen nur schwer berechnen.
In dieser Bachelorarbeit entwickeln wir einen Algorithmus, der die Reidemeister-Torsion
der geometrischen Realisierung einer simplizialen Menge berechnet. Wir haben den Algo-
rithmus in SageMath implementiert und ihn verwendet, um die Reidemeister-Torsionen
der Poincaré-Homologie-3-Sphére in Bezug auf alle irreduziblen komplexen Darstellung-
en ihrer Fundamentalgruppe numerisch zu berechnen. Ahnliche Berechnungen wurden
auch fiir mehrere Linsen- und Produktraume durchgefiihrt.
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1. Introduction

1. Introduction

The Reidemeister torsion was the first invariant in algebraic topology that could dis-
tinguish between CW-complexes that are homotopy equivalent but not homeomorphic.
Reidemeister torsion has been extensively studied since its introduction in 1935. There is
enormous interest in knowing the Reidemeister torsion of specific spaces, but in general
Reidemeister torsion is very difficult to calculate by hand.

The definition of Reidemeister torsion via the chain complex of a universal cover
is already kind of constructive but can be hard to handle by hand if a given CW-
decomposition consists of many complicatedly arranged cells. We found a way to com-
pletely automate this process of computing Reidemeister torsion for simplicial sets with
finitely many nondegenerate simplices. In particular, we were able to develop an al-
gorithm that computes the chain complex of the universal cover of a predetermined
simplicial set X as a chain-complex of free modules over the integral group ring of the
fundamental group m(X).

This approach to Reidemeister torsion via covering spaces lead us to consider covering
projections of simplicial sets. As a byproduct of this considerations, we developed an
algorithm that has input a connected simplicial set X, which has only finitely many non-
degenerate simplices, and a normal, finite-index subgroup N C 71(X). The algorithm
returns a connected simplicial set Z together with a covering projection p : Z — X such
that p,m1(X) = N. If wanted, the covering projection p : Z — X can also be returned
as the structure map of a pullback, together with the corresponding pullback square. In
that case, p will be obtained as a pullback of a universal covering projection, namely
the universal cover of the dim (X )-skeleton of the classifying space of the quotient group
m1(X)/N.

As suggested by the title, the main goal of this bachelor thesis is to develop an algo-
rithm to compute combinatorial torsions. By combinatorial torsion we mean, on the one
hand, the torsion of chain complexes, as defined in [11, chap. 3]. But, above all, we will
deal with Reidemeister torsion. Nevertheless, our approach to calculating Reidemeister
torsion can not do without calculating the torsion of chain-complexes. So, we developed
an algorithm that computes the torsion of a based and bounded chain-complex of finite-
dimensional C-vector spaces.

While Reidemeister torsion is defined for finite CW-complexes, we decided to work
with simplicial sets as it is an implementable data structure that still offers great gen-
erality and specifically includes simplicial complexes and A-complexes.

We start in the first section with definitions and basic theorems on simplicial sets
to settle the notations and conventions appearing in this thesis. Here, only well-known
results are presented and we will for the main part follow the first chapter of [10]. Readers
who are already familiar with simplicial sets are advised to skip this chapter for the time
being and return only if unfamiliar notations or theorems are used later.

In the next chapter on covering space projections we introduce a convenient definition
of covering projections of simplicial sets. The aim of the chapter is not to have to
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change categories in the remaining parts of the bachelor thesis, i.e. we want do define
and compute notions like Reidemeister torsion already in the category of simplicial sets
and we want to avoid having to take a detour over topological spaces or CW-complexes.
Most of the results presented in this chapter can be found in |5, App. I].

The chapter on computation is divided into three parts. In the first subsection, we
develop an algorithm that takes as input a simplicial set together with a subgroup of its
fundamental group and returns a covering projection corresponding to that subgroup. In
the second subsection, we fabricate an algorithm to compute the combinatorial torsion
of a based chain complex of C-vector spaces using singular value decomposition. Now
in the third subsection, combining the results of the previous sections, we develop an
algorithm that computes the Reidemeister torsion of simplicial sets.

In the last chapter we briefly discuss the data structures and relevant implementation
details of the algorithms discussed in this paper.

The appendix contains the source code of the SageMath implementation of the algo-
rithms discussed in this thesis. Some example calculations are also prepared there in
a comprehensible manner. At the beginning of the appendix there is a brief overview
of the implemented functions and examples. The code is also available under https:
//github.com/fNeugebauer/Computation-of-Combinatorial-Torsion.


https://github.com/fNeugebauer/Computation-of-Combinatorial-Torsion
https://github.com/fNeugebauer/Computation-of-Combinatorial-Torsion

2. Preliminaries: Simplicial Sets

2. Preliminaries: Simplicial Sets

2.1. The category of simplicial sets

Definition 2.1 (Simplicial sets). Let A denote the simplez category, whose objects are
nonempty linearly ordered sets of the form

[n] ={0,1,2,...,n}

for all n > 0 and whose morphisms are (non-strictly) order-preserving functions between
these sets.

A simplicial set X is a contravariant functor A — Set, where Set is the category of
sets.

We denote the presheaf category on A as sSet, i.e. the objects of the category sSet are
simplicial sets and the morphism in sSet are natural transformations between simplicial
sets.

Terminology. Given a simplicial set X, we write X, instead of X ([n]). The elements of
X,, are called the n-simplices of X. For a morphism, also called map, of simplicial sets
f X — Y we denote its component X,, — Y,, by f,, and for ¢ € X,, we sometimes write
f(o) for f.(0) €Y,.

Remark. All small limits and colimits in sSet exist and are computed pointwise. A
morphisms of simplicial sets f : X — Y is a mononomorphism (epimorphism) if and
only if f, : X,, — Y, is injective (surjective) for all n > 0. f is an isomorphism if
and only if f, : X,, = Y, is bijective for all n > 0. Pullbacks and pushforwards in the
category sSet preserve both monomorphisms and epimorphisms.

Terminology. For n a positive integer, we denote for i =0,...,n
' . ' . .
=" -1 =[], &G) =47 7"
g+l g2

and for n € Ny we denote for i =0,...,n

, . . ] ) <1
o' =0 [n+1]—n|, ()= {‘7 ‘7 —
j—=1 7>u.

Definition 2.2 (Face and degeneracy maps). For a simplicial set X we define the -
face map d;,, == d; = X (6%™) : X, — X,41 as the evaluation of the functor X on the
morphism §%", where n is any positive integer and 0 < i < n.

We define the i®"-degeneracy map s;,, := s; := X (6™) : X,, = X,,11 as the evaluation
of X on the morphism o™, where n is a non-negative integer and 0 < i < n.

Remark. 1t is customary to omit the integer n in the notation of face and boundary
maps if the domain is clear.
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For any simplicial set X the degeneracy maps and face maps satisfy the simplicial
identities:

1. Forn>2and 0<i<j<n
diod; =d; 10d; (1)
as maps X, to X,,_o.
2. Forn>0and0<i<j<n
§; 0 8; = 841095 (2)
as maps X, — X,io.

3. Forn>0and0<i4,5<n

sjyod; ifi<j
d;os; =« idg, ifi=jori=j5+1 (3)
Sjodi—l lfl>j+1

as maps X, — X,,.

Conversely, given a sequence {X,,},>¢ of sets together with maps d;,, : X,, = X, for
n>10<i<nands;; X, = X,y for n >0, 0 < i < n satisfying the simplicial
identities there is a unique simplicial set X that has these face maps and degeneracy
maps.

Remark 2.3. Let X be a simplicial set and for every n > 0 let Y, C X, be a subset, such
that the face maps d; : X,, = X,,_1 and degeneracy maps o; : X,, = X, 11 of X carry
Y, to Y,_; and Y,,11, respectively. Then the collection {Y},},>1 inherits the structure of
a simplicial set Y. We will say that Y is a simplicial subset of X and the morphism
t:Y — X with ¢,(0) = o for all n > 0,0 € X,, is called the inclusion of Y into X.
Note that ¢ is a monomorphism. Further, (X,Y") is called a pair of simplicial sets.

Construction 2.4 (Preimage and image). Given a morphism of simplicial sets f :
X — Y and simplicial subsets X’ C X, Y’ C Y. We define f|x as the composition

X' < X LY. The image f(X') of X’ under f is defined as the simplicial subset of Y’
with f(X'),, = f(X]) for all n > 0. Then f(X’) together with the monomorphism given
by the inclusion morphism f(X’) < Y satisfies the following universal property:

e There exists a morphism, by abuse of notation, also denoted by f: X’ — f(X'),
such that post-composing it with the inclusion morphism f(X’) < Y equals the
original f.

e For any simplicial set Z with a morphism e : X — Z and a monomorphism
m : Z — Y such that m o e = f there exists a unique morphism v : f(X') - Z
such that the composition m o v equals the inclusion of f(X’) into X.
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Further, we define the preimage of Y’ under f, denoted f~!(Y”), as the simplicial subset
of X given by f~4(Y"), = f71(Y)) for all n > 0. We, by abuse of notation, also denote
the map f~!(Y’) — Y’, which is induced by f, as f|s-1y. Then f~'(Y”) together
with the inclusion of f~*(Y”) into X and f|-1(ys) satisfy the universal property of the

pullback of the diagram Y’ < Y L x.
Definition 2.5 (The standard simplex and its simplicial subsets).

a) For n > 0 we define the standard n-simplex A" to be the contravariant Hom-
functor Homa (—, [n]), considered as a simplicial set. By convention, we set A1 =
(). We define the geometric realization of A™ to be the topological space |A"| given
by the convex hull of the standard basis of R"*! equipped with the subspace topol-
ogy from R™™. To each o € Homa([m], [n]) we assign |a| € Homrep (|JA™], |A™]),

where
o] (tos b)) = | Dt Dt Y

a(i)=0  «a(i)=1 a(i)=n

b) For n > 0 an integer and U a nonempty collection of subsets of [n] = {1,...,n}
we will say that U is downward closed if () # I C J € U implies that I € . If this
condition is satisfied, we let A7, be the simplicial subset of A™ whose m-simplices
are non-decreasing maps « : [m| — [n] such that im(a) € U. We set

AL = {(to, ... ta) € |A"] : i € [n] : t; £ 0} € U}

c¢) For each n > 0 the boundary 0A™ is defined as Ay, where U is the collection of
all nonempty proper subsets of [n].

d) For 0 <i < n the horn A} is defined as A};, where U is the collection of all subsets
of [n] distinct from [n] and [n] \ {i}.

Remark 2.6 (Yoneda lemma). For each n > 0, the pair (A",idy € A7) satisfies the
following universal property: For any simplicial set X and n-simplex ¢’ € X, there
exists a unique morphism ¢ € Homgget(A™, X) with o, (idj,)) = o. Concretely, o is
given by o,,(a) = X(«)(o') for a« € A'. It is customary to identify ¢ and ¢’. In
particular, we denote morphisms A" — A™ as « for a € Homa([n],[m]) the unique
order-preserving map such that the morphism A™ — A™ is given by post-composition
with a.. For o an n-simplex of a simplicial set X and for every morphism « : [n] — [m]
in A, the morphism corresponding to X (a)(c) factors as A™ % A™ % X. In particular,
di(0) = 006" and s;(0) = 0 0 ™", whenever those notions are defined.

Proposition 2.7 (Characterizations of horns). [10, Ezercise 000Z] Let X be a simplicial
set, m a non-negative integer and 0 < i < m. Then

m—1

Homgser(A]", X) = [[ X1, f 0 {f 0 }iepmpiay


tauhttps://kerodon.net/tag/000Z

2. Preliminaries: Simplicial Sets

is injective with image the collection of “incomplete” sequences (o1, ..., 0,1, Ciy...,0p)
with dy(0;) = d;—1(o%) for j,k € [n]\ {i} and k < j. (In particular, for j € [m]\ {i},
the morphism §7 : A™~1 — A™ factors as composition A™™!1 — AT — A™ where we,
by abuse of notation, denote the first map as 67, also.)

Definition 2.8 (A vertex of a simplex). Let X be a simplicial set X, n a non-negative
integer, ¢ € [n] and U C [n] a downward closed collection of subsets of [n], such that
{i} € U. For any o : A}, — X, we define the i™ verter of o, denoted o(i), as the

composition A® % A 2 X for a: [0] — [n], 0 — 4. Clearly, o : A® — A" has image
in A}, and therefore o(i) € X is a well-defined 0-simplex of X.

2.2. Nondegenerate simplices

Proposition 2.9. [10, Tag 0010] Let X be a simplicial set and let o € X, for some
n > 0, which we identify with a map of simplicial sets o : A" — X. The following
conditions are equivalent:

a) The simplex o belongs to the image of the degeneracy map s; : X,—1 — X, for
some 0 < <n-—1.

b) The map o factors as a composition A" = A1 — A" where « is a surjective
map of linearly ordered sets [n] — [n — 1].

c) The map o factors as a composition A" = A™ — X, where m < n and o is a
surjective map of linearly ordered sets [n] — [m)].

d) The map o factors as a composition A™ — A™ — X, where m < n.

e) The map o factors as A" = A™ — X, where o}, is not injective.

Definition 2.10 (Degenerate and nondegenerate simplices). Let X be a simplicial set
and let ¢ : A" — X be an n-simplex. ¢ is called degenerate if n > 0 and o satisfies
the equivalent conditions from proposition We say that o is nondegenerate if o is
not degenerate. For each n > 0 we let X C X,, denote the subset of X,, consisting of
nondegenerate n-simplices of X.

In the next proposition, we cite two results that explain why in an implementation of
simplicial sets only non-degenerate simplices have to be specified.

Proposition 2.11 (Simplicial sets are determined by nondegenerate simplices).

a) Let f: X =Y be a morphism of simplicial sets. If o is a degenerate n-simplex of
X, then f(o) is a degenerate n-simplex of Y.

b) Let o : A™ — X be an n-simplex of X. Then o can be factored as composition

A" 2 AM T X


https://kerodon.net/tag/0010
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where « is a surjective map of linearly ordered sets [n] — [m] and T is a nondegen-
erate m-simplex of X. Moreover, this factorisation is unique and m is the smallest
nonnegative integer for which o can be factored as a composition A" — A™ — X.

c) A morphism f : X — Y of simplicial sets is a monomorphisms if and only if
f maps any two distinct nondegenerate simplices of X to distinct nondegenerate
simplices of Y.

Proof. a) is clear and b) is |10, Proposition 0014]. For ¢), the only if part follows by
and the definition of degeneracy. For the other direction, it is straightforward to prove
that f, is injective for all n by hand using part b) of this proposition. For a different
proof see [19, Lemma 017S]. O

Convention 2.12. Let X be a simplicial set and let o : A" — X be an n-simplex.
By proposition and the simplicial identity , there exists a unique triple (m, 7, T),
where m > 0 is an integer, 7 is a nondegenerate m-simplex of X and I = {i1,...,%_m}
with n >4, >4y > -+ > 4,,_,, > 0, such that

sp(1) =8, 08,0---08;, (1) =o0.

From now on, the notation s; will be reserved for exactly this use. Further, we define

ol =g moginmio.. 00200 [n] = [m),

which is the morphism in A such that s; = X (o) for any simplicial set X. Be careful,

ol is an n-simplex of A™ but not a simplex of X. In fact, o : A" — X equals the

I
composition A” =5 A™ L X

2.3. The skeletal filtration

Definition 2.13 (Dimension of simplicial sets). For & > —1 a simplicial set X has
dimension < k, if for all n > k every n-simplex in X, is degenerate. If £k > 0, we say
X has dimension k if X has dimension < k but not dimension < k£ — 1. We say X is
finite dimensional if there exists k > 0 such that dim X < k. Further, we say that X is
of finite type, if for all n > 0 the set X,, has finite cardinality. X is called finite, if X is
finite dimensional and of finite type.

Construction 2.14 (The k-skeleton). Let X be a simplicial set and let k > —1 be an
integer. It follows from proposition b) that for any n-simplex o : A" — X of X the
following are equivalent:

a) o =s;(7) for 7 € X4, Then m < k.

b) There exists a factorization A" — A™ — X of ¢ with m/ < k.


https://kerodon.net/tag/0014
https://stacks.math.columbia.edu/tag/017S
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For each n > 0, we denote by sk (X,,) the subset of X,, containing all simplices of X,
satisfying conditions a) and b) above. From b) and remark [2.6| we see that the collection
{skr(X,) C X },>0 is stable under the face and degeneracy operators of X and therefore
determines a simplicial subset of X by remark 2.3l We will call this simplicial subset
the k-skeleton of X and denote it by sk (X).

If n <k then ski(X), = skg(X,) = X,,, in particular,

X = | ske(X). (4)

k>—1

If n > k, then sky(X), = skp(X,) € X,,\ X2, So, dim(sky(X)) < k for all k£ > 0. Also,
Sk,1<X) = @

Remark. Some authors define sk, as a functor from sSet to sSet<j, which is the category
of functors from A<y to Set, where A<y is the full subcategory of A with objects [m]
for m < k.

Proposition 2.15 (Universal property of the k-skeleton). (10, Tag 001A] The k-skeleton
of a simplicial set X and its inclusion sky(X) <— X satisfies the following universal prop-
erty: For every simplicial set Y of dimension < k, post-composition with the inclusion
skp(X) — X, induces a bijection

Homgges(Y, sk (X)) — Homgsge(Y, X).

Remark. In fact, the functor sk; : sSet — sSet admits a left adjoint, the so-called
co-skeleton functor, see |19, Tag 018K].

Proposition 2.16 (Nondegenerate simplices of the product). For two simplicial sets
X,Y andn > 0 a non-negative integer let U : (X xY),, — X, X Y,, be the canonical bi-
jection induced by the projections on the factors. Then W precomposed with the inclusion
(X xY) — (X xY), has image

{(s1(0),84(7)) € X, XY, | 0,7 nondegenerate and I N J = (}.

If o and T are nondegenerate simplices of dimensions k and [, in the product they will
lead to (Z) . (n]il) nondegenerate simplices in dimension n < k+1 and no nondegenerate
simplices in dimensionn > k+1. In particular, dim(X xY) = dim X +dim Y, whenever

X and 'Y are nonempty.

Proof. This is follows from the simplicial identity (2) and the fact s;(V~"!(s;(c), s;(0))) =
U—1(s;(s7(0)),si(s(7))) for i = 0,...,r and any r > 0. See [4, Example 5.5]. O
Definition 2.17 (Attaching map). Let X be a simplicial set and k > 0. Let o € X}9.
Since the boundary 9A* C AF has dimension k — 1, the composition OA* — AF & X
equals the composition OAF o, skj,_1(X) — X for a unique ¢, : OA* — sk;_1(X). This
is by proposition [2.15] We refer to ¢, as the attaching map of o. Further, we call the

unique map ®, : AF — sk, (X) such that o factors as composition AF SN skp(X) — X
the characteristic map of o.


https://kerodon.net/tag/001A
https://stacks.math.columbia.edu/tag/018K
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Proposition 2.18 (The skeletal filtration). Let X be a simplicial set and let k > 0.
Then the following diagram is a pushout square in the category sSet:

]_IUEX,?”I aAk — HO’EXI?DI Ak

lwa) l@a)

ski—1(X) > sk (X)

The top horizontal map is the coproduct of inclusions OAF — AF indexed over X and
the lower horizontal map is the canonical inclusion sky_1(X) — ski(X).

Proof. The commutativity of the diagram, which is immediate from definition [2.17] is
equivalent to the existence of a map F' from the pushout to sk (X). Let o : A" — sk (X)
be an n-simplex of ski(X). It suffices to prove that o € si(X,,) has a unique preimage
under F'. By proposition b) there is a unique pair of a surjective map of linearly
ordered sets « : [n] — [m] and a nondegenerate m-simplex 7 : A™ — sk (X), such that
o equals to the composition A" % A™ T3 sk;(X). By definition of the k-skeleton
we must have m < k. ¢ has a preimage in sk;_;(X) if and only if m < k. So, if m = k
the statement is clear. When m < k, then 7 factors uniquely through a non-degenerate
m-simplex \ of sky_1(X). Also, every nondegenerate m-simplex p : A™ — A* with
®, o p = 7 factors through OA* and is therefore identified with A in the pushout. O

2.4. Geometric realization

Construction 2.19 (The singular simplicial set of a topological space). For a topolog-
ical space S we define a simplicial set Sing(.S), the so-called singular simplicial set of S,
as follows: Each [n] will be assigned to Hommep(|A™],.S) and each o € Homa ([n], [m])
will be assigned to precomposition by |a|, where |a| was defined in definition [2.5]
Sing : Top — sSet becomes a functor by assigning to a continuous map f : S — T the
natural transformation fx that is given by post-composition by f on every component.

Definition 2.20 (Geometric Realization). Let X be a simplicial set and S a topological
space. A map of simplicial sets ux : X — Sing(S) is said to ezhibit S as a geometric
realization of X if, for every topological space T', the composite map

Hotrop (S, T) 2" Homger (Sing(S), Sing(T)) s Homgser (X, Sing(T))

is bijective, where u% denotes precomposition by uy.

If ux : X — Sing(S), uy : Y — Sing(7) exhibit S and T' as geometric realization of
X and Y, respectively, and f € Homgget(X,Y') then we define |f| € Homrpep(S,T) as
the unique continuous map with |f|, oux = uy o f.

By this assignments we are planning to obtain a geometric realization functor | - | :
sSet — Top, which sends a simplicial set X to a geometric realization |X| and a
morphism f to |f|. Then, |- | is defined up to a natural isomorphism. By |12, Prop.
2.10], it suffices to show that every simplicial set X admits a geometric realization, and
then | - | will automatically promote to a functor that is left-adjoint to Sing(—).
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Lemma 2.21. (10, Proposition 0028] For n a non-negative integer and U a downward
closed collection of subsets of [n], the canonical map A" — Sing(|A"|) determined by
idian| € Sing, (|A™]) restricts to a map of simplicial sets A}, — Sing(|A}]), which ea-
hibits |A]| as geometric realization of Ay. |Al, was defined in definition [2.5  For
o € Homa([m],[n]), the map |a| from definition [2.5 satisfies |o|y o uam = uan o o,
which asserts that our motation is consistent, in the sense that o : A™ — A™ has geo-
metric realization |a.

Proof. For A}, = A" this follows directly from definition of Sing(—) and the Yoneda
lemma. The lemma can then be proven by induction on the cardinality of U, see [10,
Proposition 0028]. The last statement is a straightforward check. O]

Lemma 2.22. (10, Lemma 0025] Let J be a small category and F' : J — sSet a functor.
Let X = colimjcyF(j) be a colimit of F. If each of the simplicial sets F(j) admits a
geometric realization |F(j)|, then X admits a geometric realization, given by the colimit
| X | = colimje | F(7)].

Proof. In view of definition [2.20] this is a reformulation of “left adjoints preserve colim-
its”, for details see [10, Tag 0023]. O

Construction 2.23 (Existence of geometric realization). Given a simplicial set X. We
use induction on k > —1 to prove that sk (X) admits a geometric realization.

The empty map exhibits the empty set as geometric realization of sk_;(X). Suppose
for given k£ > 0, we have already constructed a topological space [sky_1(X)| and a map
Usi, y(x) : Skp—1(X) — Sing(|skiz—1(X)|) that exhibits |skj_; (X )| as geometric realization
of sky_1(X). Then, we define [skg(X)| via the following pushout in the category Top

Haexlgd |aAk| — Han,gd |Ak|

l("i’“') l‘b (5)

|Skk_1(X>| > Skk(X>|

and define a morphism of simplicial sets ugq, (x) : skp(X) — Sing(|skx(X)|) using the
universal property of the pushout in as follows: On sky_1(X) the map should equal
Ugk, .. Further, each non-degenerate k-simplex 7 of J] . xpd A¥ should be send to the
restriction of ® to the component of J] . xpd | A¥| corresponding to 7. That ug, (x) is well-
defined and exhibits [sky(X)| as a geometric realization of sky(X) follows from lemma
2.22in conjunction with proposition w The same lemma proves that ¢ = ([®4|)exna

for ®, the characteristic map of o € X°.
Define | X| := colimy>o|sks(X)| as the colimit in the category of topological spaces. By
equation () and lemma[2.22] the unique map uy : X — Sing|X]|, that agrees on sky(X)
with ug, x) for all & > 0, exhibits | X| as a geometric realization of X.

Remark/Definition 2.24. Let X be a simplicial set. |X| admits the structure of a CW-
complex | X|®W with skeletal filtration

[sk-1(X)] € [sko(X)| C [ska(X)[ S --- C X.
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Given a morphism f : X — Y of simplicial sets and o € X, for n > 0. Then o = s;(p)
for a unique p € XP4 with k < n and f(p) = s;(7) for a unique 7 € Y4 with m < k.

a) The k-simplex ux(p) € Sing(X); is the geometric realization of A¥ % X written
|pl, and equals the composition |A¥| LN sk (X)| — | X]. We will call

ey = [p|(|A"]\ [0A™])
the open cell of | X|®W corresponding to p.

b) The n-simplex uy (o) € Sing(X), is the geometric realization of A™ % X writ-

J
ten |o|, and equals s;(uz(c)), which, in turn, equals the composition |A"| 7,

| AF| 1%l |skg(X)| < | X|. By abuse of notation, we denote the image of the map
o] - [A"] = |X] by |o] € [X].

c) We have that uy (f(p)) = |f| o |p|, which is given by the composition

AR 22 g (0 = 1x] Y

Further, | f| o |p| equals uy (s;(7))) = |7] o |o!], which is given by the composition

[AF] 25 A 5 Jsk (V)] < [V,
using the notation o from the convention [2.12
d) |flelol = |flelpoc?| = |flelplo|o’| = |r|o]o’|o|o’| = |roc’oo”| = |(s;051)(T)|-

In particular, |f| is filtration preserving, i.e. a cellular map, and therefore the functor
| - | factors as sSet Y ow Top.

Remark 2.25 (Geometric realization and limits). The geometric realization functor sSet —
Top, in general, preserves equalizers, see [13]. Given simplicial set X and Y, then | X xY|
is canonically homeomorphic to Z := (| X| x |Y|)¢, where Z has underlying set | X| x |Y|
and A C Z is closed if and only if AN K is closed in K for every compact subspace K of
| X| x |Y|. When either X or Y is locally finite or has only countably many nondegener-
ate simplices, then the canonical continuous map Z — |X| x |Y| is a homeomorphism.
This is due to [8, Prop. A.15]. Here a simplicial set X is called locally finite, when
for all 0-simplices v € X there exist only finitely many non-degenerate simplices of X
having v as a vertex. A locally finite simplicial set has a locally finite realization as
a CW-complex. Locally finite CW-complexes are precisely those with locally compact
underlying topological space. So, for any simplicial set X we have that |X]| is locally
compact if and only if X is locally finite.

Proposition 2.26. The geometric realization sSet — Top is a faithful, conservative
functor.

11
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Proof. Given a simplicial set X. We prove that ux : X — Sing(|X|) is a monomorphism
by appealing to proposition ). Let o,7 € X for n > 0 such that ux(o) =
uy (p). By remark [2.24] a), we immediately get that [®,] = |®,|. But |®,| and |®,| are
components of the map ® from diagram and therefore ¢ = 7. Now suppose for the
sake of contradiction, there exists g : |A"™!| — |X| and 0 < i < n — 1 with s;(g) =
ux(o) € Sing, (| X]). Recall the terminology [2.1, where we defined o® : [n] — [n — 1].
Then go|o?| = |o| : |]A"| — | X| by definition of the functor Sing(—). In particular, since

|o?] is surjective, g factors as composition |A" ! ER sk, (X)| < | X| for some continuous
g'. Then ¢’ o |0 = |®,| : |A"| — |sk,(X)| by remark [2.24] But in view of diagram
and the comments below, |®,| is injective on the interior of |A"|, whereas |o?| collapses
|A™| to its i-th face. This contradiction implies that ux (o) is nondegenerate. Hence ux
is a monomorphism by proposition ). Now given two morphisms of simplicial sets
f,g9: X — Y such that |f| = |g|. Then uy o f = |f|g oux = |g|4 o ux = uy og. So,

because uy is a monomorphism, we conclude f = g, i.e. |-|: sSet — Top is faithful.
Faithful functors reflect both epi- and monomorphisms, so the proposition follows from
remark 2.1] O

Remark 2.27. Given a monomorphisms f : X — Y of simplicial sets. Then f factors as
X — f(X) < Y, where the first map is an isomorphism and |f(X)|W is a subcomplex
of |[Y|®W. In particular, |f| is a closed embedding.

2.5. Discrete simplicial sets

Construction 2.28 (The constant simplicial object functor). For each set F' we define
the constant simplicial set with value F', denoted F', to be the simplicial set with |, = F'
foralln > 0and d; : F,,, — F,,s, : F,, = F, ., the identity for all i € [n]. We
define the constant simplicial object functor - : Set — sSet by assigning to each set
F' the constant simplicial set F' and assigning to any map ¢ : F' — G the unique map
g F— G with g = g (This forces g = g for all n > 0 by the simplicial identities).

Definition 2.29 (The evaluation functor). For each nonnegative integer n we define
the n''-evaluation functor by

ev,:sSet —» Set, X — X,, and (f: X —=>Y)—= (fu:X,—Y,)

Further, we let sSet<,, denote the full subcategeory of sSet consisting of simplicial sets
of dimension < n. A simplicial set of dimension < 0 will be called discrete.

Proposition 2.30. Given a simplicial compler X and a set F. Then the map
nrx @ Homsset(F, X) — Homge(F, evg(X)), f— evo(f)

is a bijection and npx is natural in F and X. In particular, - is left adjoint to evy.
Further, the functor - : Set — sSet is fully faithful and has essential 1mage sSet<.

Moreover, evy o - = idges and the composition - o 67}0|sSetS0 1 naturally isomorphic to
idsSetSO- In particular, evy restricts to an equivalence of categories sSet<, — Set.
Proof. See [10, Subsection 00FQ)]. ]
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2.6. Connectivity

Definition 2.31 (Summand, connectivity, connected component). Given a simplicial
set X. We say that a simplicial subset Y of X is a summand of X if there exists another
simplicial subset Y’ of X such that the canonical map Y [[Y’ — X is an isomorphism.
We say that X is connected if X is nonempty and every summand Y C X is either
empty or coincides with X. A simplicial subset Y of X is called a connected component
of X if Y is a summand of X and Y is a connected simplicial set.

Remark 2.32 (Alternative characterization of summands). Let X be a simplicial set and
Y a simplicial subset of X. If Y is a summand of X, then there exists a unique simplicial
subset Y’ of X such that the canonical map Y [[Y’ — X is an isomorphism: For each
n > 0 we have Y, = X\ Y,. Consequently, Y is a summand of X if and only if the face
and degeneracy maps of X preserve the subsets X, \ Y.

Example 2.33. Given a set I, then set of connected components of the simplicial set 1
is given by {{i} C I}ic;.

Remark 2.34. Tt follows from remark 2.32] that collection of summands of a fixed sim-
plicial set X is closed under intersections and unions. Further, if Y is a summand of X
and Y’ is a summand of Y, then Y’ is a summand of X.

Remark 2.35. Given a morphism of simplicial sets f : X — Y and simplicial subsets
Y CV, X' CX. If Yisasummand of Y then f~'(Y) is a summand of X. If X’ is
connected, then f(X’) is connected.

Proposition 2.36. (10, Proposition 00GG] Let f : X — Y a morphism of simplicial
sets and X' CY a simplicial subset of X, which is connected. Then there exists a unique
connected component Y' of Y such that f(X) CY".

The next assertion follows from proposition because A" defines a connected sim-
plicial set for all n > 0.

Proposition 2.37. For any simplicial set X the canonical map from the disjoint union
of all connected components of X to X is an isomorphism.

Definition 2.38 (Component map). Given a simplicial set X and a set /. A morphism
vy : X — I is said to be a component map of X, if for every set J

Homset (I, J) — Homgser(, J) 25 Homses (X, J)

is a bijection, where v} denotes pre-composition by vx and the first map is the appli-
cation of the constant simplicial object functor.

Remark. By proposition the constant simplical object functor is fully-faithful, so,
in situation of definition vy is component map if and only if precomposition with

v, defines a bijection Homgget (1, J) V—X> Homgget (X, J) for all sets J.
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Construction 2.39 (The functor 7). For any simplicial set X define mo(X) as the set
of connected components of X. By proposition for every n-simplex o of X there
exists a unique component X’ C X of X which contains o. The construction o — X’
determines a map vx : X — my(X) and this map will be a component map of X, see
[10, Proposition 00GQ]. So, by the universal property characterization of adjunction
[12, Prop. 2.10], mg is turned into a left-adjoint of the constant simplicial set functor by
declaring mo(f) to be unique map with mo(f) ovy = vy o f for every f: X =Y.

The following two facts are now straightforward to check.
Remark. Let X,Y be simplicial sets. Firstly, For f : X — Y a morphism of simplicial
sets mo(f) sends a connected component of X to the unique connected component of Y
that contains X. Secondly, the map, which sends a component of X to the set of its
connected components, determines a bijection from the set of components of X to the
power set of the set of connected components of X.

Definition 2.40 (The category of directed graphs). A directed graph G is a tuple
(Vert(G), Edges(G), s, t), where Vert(G) and Edges(G) are sets, whose elements are ref-
ered to as vertices and edges, respectively. s,t : Edges(G) — Vert(G) are functions as-
signing to each edge e € Edges(G) its source s(e) € Vert(G) and target t(e) € Edges(G).
For two directed graphs G, G’ a morphism G' — G’ is a function Edges(G) U Vert(G) —
Edges(G’) U Vert(G') satisfying

(I) f(v) € Vert(G) for all v € Vert(G).

(IT) For e € Edges(G), if f(e) € Edges(G), then s(f(e)) = f(s(e)) and t(f(e)) =
f(t(e)), else f(e) = f(s(e)) = f(t(e)).
The category of directed graphs will be denoted by Graph.

Construction 2.41 (The Graph functor). To every simplicial set X we assign a graph
Graph(X) by setting Vert(Graph(X)) = s¢(Xy), Edges(Graph(X)) = X2 s = 550 d;
and t = spody. Then X; = Vert(Graph(X))UEdges(Graph(X)) and for every morphism
of simplicial sets f : X — Y we let Graph(f) be the morphism Graph(X) — Graph(Y’)
given by f1: X7 — Y.

Proposition 2.42. (10, Proposition 001N] The functor Graph : sSet — Graph induces
an equivalence of categories from the full subcategory sSet<; C sSet of simplicial sets
of dimension < 1 to the category Graph.

Construction 2.43 (7 factors through the graph functor). |10, Variant 00GV| Let
mo(Graph(X)) denote the components of Graph(X). Given o € X,,. Then there exists
a unique F(0) € mo(Graph(X)) with ¢(0) € Vert(F(o)) and then automatically o(i) €
Vert(F (o)) for all i € [n]. Hence, the construction ¢ — F(o) induces a map of simplicial
sets X — mo(Graph(X)). This map is a component map of X.

Proposition 2.44 (m, factors through geometric realization). (10, Corollary 00H6]
Given a simplicial set X. Y' CY is a summand of X if and only if |Y'| is a sum-
mand of | X|. Let us denote by my : Top — Set the functor that assign to a topological
space is path-components. Then the map X — mo(|X|) sending a simplex o € X,, to the
path-component containing |o| is a component map of X.
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2.7. Homotopy and homology groups of simplicial sets

Definition 2.45 (Tuples of simplicial sets and slice categories). Let k be a nonnegative
integer, X a simplicial set and S a topological space.

1. We denote by sSet/X the slice category of sSet over X and similarly by Top/S
the category of spaces over S. The morphisms in these categories are called fiber
Preserving.

2. We define sSet(k) as the category whose objects are k-tuples of simplicial sets
(X1,...,Xk) together with monomorphisms Xy < X1 < -+ — X5 < Xj. The
morphisms in sSet(k) are given by filtration preserving maps.

3. We define sSet*(k) as the full subcategory of sSet(k + 1) consisting of pairs
(X1,..., Xks1) with Xjyq a vertex of X, called the base point.

Clearly, we can make analogous definitions for Top(k), CW (k) and Top*(k), CW*(k)
by replacing the word monomorphism with embedding/inclusion of a subcomplex, re-
spectively. We denote sSet(1) = sSet and sSet™ = sSet™(1).

Proposition/Definition 2.46. Given a simplicial set X, we define the chain complex
C2(X) € Ch(Ab) and the normalized chain complex CCY(X) € Ch(Ab) by definining
CHX) =7Z{X,} and CCW(X) = Z{X™} for alln > 0 and CH>(X) = CY(X) =0 for
n<0. Forn >0 and o € X,, and 7 € X" we define

n

On(0) = Z(_l)idi(a ) and O, ( Zd {0 1y if di(0) is degenerate,

P else.

For (X, A) € sSet(2) we set C*(X,A) = CA(X)/CA(A) and CCW = CCV/CCV(A).
Further, we define C(X, A) = C*(Sing(|X|), Sing(]A|)).

In this way we obtain three functors C2,CCW C : sSet(2) — Ch(Ab) In the first to
cases, we assign to f: (X, A) — (Y, B) the chain map fz that on simplices is given by
fu(o) = f(o). We view the third functor, as a composition of functors.

Proof. That these are indeed chain complexes follows from the simplicial identity ([I).

Proposition/Definition 2.47. [8, Theorem 2.35] Given a pair of simplicial sets (X, A).
Then CEW(|X|CW |A|Y) = COW(X, A) and C(|X|,|A|) = C(X,A). Further, the
canonical natural chain map C*(X,A) — C(X, A) induce an isomorphism on homol-
oqy. The canonical natural map of graded abelian groups

H,(CY(X, A)) = H.(C*(X, A)), [o] — [0]

is an isomorphism. Let Ab, denote the category of graded abelian groups. We obtain
functors H, : sSet(2) — Ab, by composing C,CW or C? with the homology functor
Ch(Ab) — Ab,. These three functors are naturally isomorphic and are each referred to
as the homology functor.
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Definition 2.48 (Homotopy groups). We define the homotopy group functors as the
following compositions

71 : sSet™ (k) LN Top*(k) = Grp and T, : sSet*(k) LN Top*(k) = Ab

forany n > 2 and k=1,2.

For any set M let F'(M) denote the free group on M. Throughout this whole bachelor
thesis, we will denote the unit of any group as 1.

Construction/Proposition 2.49 (Intrinsic discription of 7). Given Y € sSet" with
base point v € Yy. Let X be the connected component of Y containingv. Let ' € Graph
be a spanning tree in Graph(X). For any e € Edges(Graph(X))\ Edges(I") choose a loop
Ye in | X| based at v, which is contained in |I'| U |e| and traverses |e| exactly once and
from |e(0)| to |e(1)|. Then

a : F(Edges(Graph(X)) \ Edges(T')) — m(Y,z), e~ [7e]
1s surjective with kernel the normal closure of the image of
b: F(X3Y) — F(X,) — F(Edges(Graph(X)) \ Edges(T)),

where the left map is defined by o — do(c)di(0) " da(a) and the right map by

R 1, if e is degenerate or e € Edges(I)
e
e, else.

Proof. Because attaching cells of dimension > 3 has no effects on the fundamental group,
we may assume that X is two dimensional. Further, we might assume that Edges(T") = ()
by collapsing the contractible subcomplex |T'| of |X|W to |v|. Now, since |['| = |v| is
a spanning tree in sk; (| X|W), the CW-complex | X|°W is given by a wedge of circles,
one for each e € Edges(Graph(X)), together with a collection of two-dimensional cells
being attached to that wedge. Since two-dimensional cells are simply-connected every
path in | X| is homotopic to a path contained in [sk;(X)|. The map a is an isomorphism,
when X34 = () by the Seifert-van-Kampen theorem, so surjectivity is proven. By simply-
connectedness of two-dimensional cells, a path that traverses the boundary of a two-cell
is trivial in the fundamental group of |X|, so the kernel of a is at least as big as what
we are claiming. Now for the converse, let e € Edges(Graph(X)) with v, nullhomotopic.
The image of the corresponding homotopy contains a finite number of 2-cells of | X|CW.
Hence we might assume that X is finite. We proceed by induction on the elements of
X234 where the case X34 = () is already settled. But, by [9, Prop. 10.13], the effect of
attaching another 2-simplex o € X4 is exactly adding the relation b(c) to a presentation
of m(|X|), which proves the proposition. O
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3. Covering Space Projections and Simplicial Sets

Proposition/Definition 3.1. [10, |Proposition 021M] Let p : Z — X be a morphism
of simplicial sets. Then the following are equivalent:

a) For everyn >0 and o : A" — X the canonical map p' : A" X x Z — A" restricts
to an isomorphism on each connected component.

b) Given n,m >0 and o : A™ — A", For any o : A" — X and 7 : A™ — Z with
poT = oo« there is a unique 6 : A" — Z with 6 oa =T and p(5) = 0.

If any of these conditions apply, we call p a (simplicial) covering projection or (simpli-
cial) covering (space) map.

Proof. We assume a) and prove b). Given o : A™ — A" as well as 0 : A" — X and
7: A™ — 7 with p(7) = 0 o a. Let us denote the canonical map A" xx Z — Z by
f. By the universal property of the pullback there is a unique 7/ : A™ — A" xx Z
such that f(7') = 7 and p/(7') = a. Let us denote the inverse map of the restriction
of p’ to the connected component that contains 7" by p~ : A" — A" xx Z. Now given
any p : A" — Z with p(p) = o and poa = 7. Then there exists a unique map
P A" — A" xx Z such that p' o p) = ida» and fop’ = p. Since fop oa =T
and p' o p' o aw = «, we have p' o = 7/. We see that both p—,p' : A" — A" xx A"
map into the same connected component of A” X y Z and by uniqueness of inverses, we
conclude p’ = p~. Therefore p= fop' = fop™ =: 5. Since po fop~ =cop'op” =0
and fop  oa = fo7' = 7, the unique map such that p(6) = 0 and Goa = 7 is
fop =0:A" = Z.

Conversely, assume b) and let us prove a). Given o : A" — X. Let F := Z, xx, {0}
denote the collection of all n-simplices of & of Z with p(6) = o. It suffices to show that
the map h : [[;.p A" — A" xx Z, which on every component is given by (idan, ), is
an isomorphism of simplicial sets. We can check this levelwise, i.e. let m > 0 and we
have to show h,, is bijection. An m-simplex p of A" xx Z is an m-simplex of A", say
a: A™ — A" and a m-simplex of Z, say 7 : A™ — Z, such that po7 = ocoa. An
m-simplex p of [[;., A™ is given by an m-simplex of A", say 3 : A™ — A" and ¢ with
p(6) = 0. Now h,,(p) = pif and only if « = f and 6 o = 7. So b) says that every
m-simplex of A™ X x Z has a unique preimage under h,,. ]

3.1. Simplicial vs topological covering projections

Our goal now is to compare this definition of simplicial covering projection to the theory
of topological covering spaces.

Definition 3.2 (Topological covering space map). Let S, T be topological spaces.

a) Given a continuous map p : S — T. A subspace U C T is called evenly covered
by p if pl,-1(U) : p~1(U) — U restricts to a homeomorphism on every connected
component of p~}(U). Note that U is evenly covered by p if and only if there exists
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a discrete topological space F and a homeomorphism h : U x F — p~(U) such
that
UxF —ls p(U) —

S

b) A continuous map p : S — T of topological spaces is called covering (space) map,
or a covering (space) projection onto T, if for any ¢ € T there exists an open
neighborhood U C T of t such that U is evenly covered by p.

N

—

commutes.

¢) A continuous map p : S — T is called a trivial covering space projection, if T is
evenly covered by p.

d) For p : S — T a covering space map and f € Top/7T. A morphism f — p in
Top/T is called a lift of f along p.

e) The full subcategory of Top/T consisting of covering space projections onto 7' is

denoted by Cov(T).

f) For a continuous map p : S — T the group of homeomorphisms of S that lift p
along p is denoted Aut(p) := Autrep/r(p). If p is a covering space projection, the
elements of Aut(p) are called deck transformations. In that case, p is called normal
if Aut(p) acts transitively on p~*({t}) for all t € T..

Proposition 3.3. /8, sec. 1.3] Let S,T,S’ be topological spaces with sg € S,tg € t and
sy € S points.

a) (Uniqueness of lifts:) Given a covering map p : S — T and a continuous map
f:8" = T. If S is connected than two lifts of [ agree if they agree on a point.

b) (Lifting criterion:) Suppose p : (S,s0) — (T,ty) is a covering map. For any
f (8 sy) — (T,ty) with S" connected and locally path-connected, there ezists a
lft 9+ (')~ (S.50) of f if and only if f.(mi(S". b)) € p.(ma(S. 50))

c) Suppose p : (S,s9) = (T,1t9) is a normal covering map. For ~ : (I,0I) — (T, to)
there is an unique g € Aut(p) such that the unique 5 : (I,0) — (.5, sq) lifting vy along
p has endpoint g(so). The assignment [y] — g gives a well-defined homomorphism
Ly, : m(X,tg) = Aut(p). L,s, has kernel im(m(p, so)). When S is connected,
then Ly, s, 1s surjective.

Corollary 3.4. Let S, T be topological spaces and p : S — T a covering space projection.
If T is simply-connected and locally path-connected then p is trivial.
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Proof. We assume that S is connected, in particular, S # (), and have to prove that
p is a homeomorphism. So, let sy € S and ty := p(sg). Applying the lifting criterion
b) to the covering space map p : (S,s9) — (T,ty) and the continuous map idy :
(T, ty) — (T, ty) we obtain a continuous map g : (7', tg) — (5, o) with po g = idy. Now
gop:S — Slifts p: S — T along p: S — T and has g o p(sg) = sg. The identity
id : S — S has the same properties, so by proposition ) we have gop = idg. p is
surjective because the cardinality of the fiber p~!(z) is constant on any path-component
of T'. Therefore, g = p~L. O

Lemma 3.5. Letp: S — T and f : T' — T be continuous maps of topological spaces.
Letp : S":=Sxp T =T, f': 8" = S denote the canonical maps. Let B,y denote the
group homomorphism Aut(p) — Aut(p'),g — g Xridy. If U C T is evenly covered by p,
then f~1(U) C T" is evenly covered by p'. In particular, if p is a (trivial) covering space
projection, then so is p'.

From now on assume that p is a covering space projection and that there exists basepoints
so €85, s0:= f'(s4),ty :=D'(84), to = p(s0). Then m(p', s,) is an isomorphism onto

m(f, 1) (im i (p, s0))) € m(T", 1),
If p is normal, then so isp', and Ly ¢ = By, joLys,omi(f,ty). When S' is path-connected,
then
(im 1 (f, 1)) - (im m1(p, s0)) = m (T, 20),
and the converse holds, when 1" is path-connected. If S is connected, then B, is
injective. If S’ is connected and p is normal, then B, s is surjective.

Proof. Suppose U is evenly covered by p. Choose an open neighborhood U C S of p(t')
that is evenly covered by p. Let F be a discrete topological space and h : Ux F — p~(U)
a homeomorphism such that

U><F—>p ) —— S
\l ’
U——T

commutes. We denote V := f~}(U) and first only consider the solid arrows in the
following cube:

p'(U) - > S
- l / lp
fl‘p'_l(V U c T
A /
P flv

/
l/
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Note that the four squares with solid boundaries in this diagram are pullback squares and
that the solid diagram commutes. By the universal property of the back-face pullback
square, we can fill in a unique dashed arrow such that the whole cube commutes. By the
pasting law for pullbacks, see [16], the left-side face of the commutative cube above is a
pullback square. So, applying its universal property we obtain the following commutative
diagram:

Fxy —9exflv o pop

El h pry

X
|
|
I

pry :
4

PV) s (V)

% flv , U

Its straightforward to check that in this diagram the outer square is a pullback square.
So, again by the pasting law for pullbacks, the upper square is a pullback square, too.
Hence the map F' x V' — p/~!(V) is the pullback of a homeomorphism and therefore
itself a homeomorphism by [16], i.e. V is evenly covered by p'.

Throughout all remaining parts of the proof we will assume that p is a covering space
projection.
Since p’ is a covering map, m (p/,s;) is injective. Because m(f) o m(p') = mi(p) o
71 (f'), the image of 7 (p/, s{,) is contained in 7y (f, to) ™' (im 71 (p, s0))). To see the reverse
inclusion, let v : (I,01) — (T",t;) be a loop such that there exists a path 7 : (I,0I) —
(S, s0) with f oy =po4. By proposition b) there exists a unique map 7' : (1,0) —
(8, s) with p’ o4 = ~. Both paths '3’ and ¥ start at sy and lift f. So, by a),
F3/(1) = 3(1) = so. Since p/(3(1) = 1(1) = th = p/(s) and [(7(1)) = s = f'(s}) we
obtain 4'(1) = s; by the universal property of the pullback. Therefore [J] € m; (5, sp) is
a preimage of v under m(p').
Suppose p is normal and let ', s” € S’ with p/(s") = p/(s”). Then pf’'(s') = pf'(s”) and
therefore there exists g € Aut(p) with f/(s") = gf'(s"). Let ¢’ := g xp id; € Aut(p').
Then p(¢'(s")) = p(s”) = p(s') and f'(¢'(s")) = gf'(s") = f'(s ) So by the universal
property of the pullback ¢'(s”) = ¢, i.e. p’ is normal.
Again suppose p is normal and take 7' : (1,01) — (T",t;). Let 7" : (I,0) — (5, s;) be a
lift of 4" along p’. Further, let 4 : (I,0) — (S, s¢) be alift of foy' along p. Let g € Aut(p)
with (1) = g(so) and define ¢’ := B,y = g xridp € Aut(p’). Since both paths f' o4
and 4 lift foy” and start at sq, they have the same endpoint, namely g(sg), by proposition
B.3a). The equations f'(3'(1)) = g(s0) = f'(¢'(sp)) and p'(7'(1)) = t; = p'(¢'(sp)) imply
7'(1) = ¢'(s() by the universal property of the pullback. So, unraveling the definitions

Lp’ﬁé(hl]) =g = Bp,f(Q) = By o Lpﬁo([f © 7l]> =DBpjoLys,© mi(f, t())(h/])~

Now we suppose that 7" is path-connected and that (imm(f,%))) - (imm(p,so)) =
m1(T,ty) holds. To prove that S’ is path-connected, it suffices to find a path X :
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(1,0,1) — (5, sy, 55) for any sj € S” with p(sj) = ty, using that 7" is path-connected
and p' is a covering map. Let « : I — S be a path from f'(s}) = so to f'(sj). By assump-
tion there exists A : (1,0I) — (1",t,) and B : (I,0I) — (S, so) such that (fo ) x (po f)
is path-homotopic to p o 4. Hence, f o A is path-homotopic to p o (y * 3). By the
path-lifting property b) there exist X : (I,0) — (S, so) with po A = f o X and, by
the homotopy lifting property b), the homotopy f o A ~ po (v * 3) can be lifted
to a homotopy A~ ok B. Since the first homotopy fixes basepoints, the second must
too, by proposition a). Therefore, A\(1) = (v * 5)(1) = f'(s). By the universal
property of the pullback there exists X : I — S" with poX = X and f’o )N = . Because
f'(N(0)) = so = f(s5), P(N(0)) =ty = p'(s(), we have X'(0) = s;, by the universal
property of the pullback. The same reasoning gives X' (1) = sj. So, A’ is the required
path and S’ is path-connected.

Now let us assume that S’ is path-connected and take any v : (I,01) — (T,t;). By
the path-lifting property b) there exists 4 : (I,0) — (5, s9) with pj = v. Since
py(1) = (1) = ty = f(t;), there exists (a unique) sj € S" with f'(sj) = (1)
and p'(sy) = t;. By assumption there exists a path a : (1,0,1) — (5, sp,s5). De-
fine B == 3% (f'oa) : (I,0I) — (S,50). Then v = pody =po(fx*(foa)) =
(0o B) «(po foa) = (po B) (fop/ 0a), Le. ] = mi(p, s0)([8]) * m(f. ) ([ 0 a]). 50
(im 1 (f, £5)) - (im 1 (p, 50)) = T (T, o).

Now suppose S is connected and let ¢ € G with idy X7 ¢ = idg. Then go f' =
f'o(idp x7 ¢') = f', so g fixes so and therefore agrees with idg by proposition [3.3] i.e.
B, ¢ is injective.

Suppose p is normal, S’ is connected and let ¢’ € Aut(p’). There exists g € Aut(g)
with g(so) = f'(¢'(sp)). Both maps f" o ¢ and g o f' lift f o p’ along p and agree on
sp. Hence, f'og = go f by a). But then p' o (¢ xpidy) = p = p' o ¢’ and
flo(gxrpidp) =go f' = f og, so (g xrpidy) = ¢ by the universal property of the
pullback. This implies that B,  is surjective. O]

Construction 3.6 (Neighborhoods in the geometric realization). Given a simplicial set
X, a subset A of |X| and a function ¢ : |J, -, X2 — (0,00),0 — &,. We construct,
by induction over the skeleta of X, an open neighborhood N.(A) C |X| of A. Suppose
we have already constructed an open neighborhood N*(A) of AN sk, (X)| in |sk,(X)],
starting with N2(A) = AN|ske(X)|. Then we define N™"*!(A) by specifying the preimage
of [D,] : A" — |sk,1(X)| for all o € X24,. |®,]"*(N:(A)) shall be the union of two
parts: An open ¢, neighborhood of |®,|*(A4) \ |OA™" | in |A™ |\ |OA™!] and

{t-G+(1—t)-z : x€lo| " (N"(A),te€[0,e,)},

where G is the barycenter of A"*'. Then we define N.(A) := J,>, N'(A). This is an
open set in | X| because it preimage under each characteristic map of |X|®W

further:

is open,

a) For A, B C | X| disjoint closed sets, N.(A) and N.(B) are disjoint for small enough
5’8, see [8, Prop. A.3].
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b) For A C |X| a simplicial subset, N.(A) strongly deformation retracts onto A if
g, < 1forall o € X2 n >0, see [8, Prop. A5.

c) For A C B C |X]|, we have N.(A) C N.(B).
d) When A, B C X are simplicial subsets, then N.(A) N N.(B) = N.(AN B).

Lemma 3.7. Given a morphism of simplicial sets f : X — Y, a subset A C X and
functions ex = U, 50 X34 = (0,00),0 = &4 and ey : U5 Y = (0,00),0 —= &, such
that ef(o) = €0 for all o € |, 50 X Then |fI7Y(N.(A)) = N.(|f|71(A)).

Proof. For o € X34, |f|o|o| = |f ool and so o] (| f[~"((N:(A)))) = [f (o)1 (N-(A)),
where the latter set has been specified inductively in construction [2.43| as exactly the
same set as |o| L (N.(|f|71(A))). O

Theorem 3.8 (Topological vs. simplicial covering projections). |5, App. 1. 3] For a
morphism p : Z — X of simplicial sets the following are equivalent:

a) |p| : |Z] — | X| is a covering space projection by definition 3.3
b) p is a simplicial covering space projection by definition .

Proof. We assume that |p| is a covering space map and prove part a) of definition 3.1}
Let n >0, 0 € X,, and let p’ : A" xx Z — A™ be the canonical map. Since A" is finite,
we can conclude from remark that |p/| is the pullback of |p| along |o|. By lemma
|p'| is a covering map. Since |A™| is simply-connected and locally path-connected, |p'| is
a trivial covering space projection by corollary . So, |p/| is a homeomorphism when
restricted to any connected component. By restriction to a connected component
commutes with geometric realization. So, the statement follows because the geometric
realization functor is conservative, as we have seen in [2.20]

Conversely, assume that b) holds and let us prove a). Let x € | X|. Let n be the minimal
nonnegative integer such that there exists ¢ € X2 with z € |o|, i.e. (n,0) is the unique
pair with « € |o|(|A"] \ |0A™]).

Ad hoc definition: For any nondegenerate simplex ¢ : A" — X of a simplicial set, we
define e, to be the open cell of | X|W corresponding to o.

By proposition [3.1]a), there exists a fiber preserving isomorphism h : A" x F — A" X x Z,
where I is a discrete simplicial set. Because F'; A" are locally finite, |h| : |A"| x |F| —
|A"| X x| |Z] is a fiber-wise homeomorphism, using remark [2.25] Pulling || back along
the inclusion of B := |A"|\ |0A"] into |A"| yields that |h| : B x |F| = B x|x| |Z] is a
fiber-wise homeomorphism. But |o| restricted to B equals the inclusion of e, into | X|,
therefore B X |x||Z| and |p|~'(e,) are fiber-wise homeomorphic. So, [p| restricted to any
connected component of |p|~(e,) induces a homeomorphism onto e, .

Let U := N.(e,) for a constant 0 < € < 1. By Construction U is an open neighborhood
of z in |X| and lemma says that |p|~(U) = N.(|p|~'(e,)) By construction
lp| 1 (U) strongly deformation retracts onto |p|~*(e,). Let 6 : A™ — Z with p(6) = 0. It
remains to be shown that |p| restricted to the unique connected component V' of |p|~!(U)
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that contains e; is an isomorphism. For another &y € X,, with p(62) = o, we have that
N:(e5) N Ne(es,) # 0 implies 5o = 7, using that ¢ < 1. Hence V' = N,(ez). Inspection of
the explicit formulas for N.(e,) and N.(ez) tells us that it suffices to prove the following:
For any 7 € X with d;(7) = s;(0) for some i € [m] and I as in convention there
exists a unique 7 € Z" with d;(7) = s;(6) and p(7) = 7. But this proposition b)
applied to 7 and s;(6) with a = 9; : A™ — A™. O

Theorem 3.9. Let X be a simplicial set, S a topological space and f : S — |X| be a
covering space projection. Then there exists a simplicial set Z together with morphisms
p:Z — X and uy : Z — Sing(S), such that uy exhibits S as a geometric realization of
Z with | f| = |pl.

Proof. We proceed by induction on skeleta. Let Z(-Y be the empty simplicial set and
ptY o 2D o sk (X)) and ug1y @ Z0Y — Sing(f(Jsk_1(X)|)) be empty maps.
Then w1y exhibits ) = f~(|Jsk_1(X)|) as geometric realization of Z(=Y and [p(~Y| =
Fle=rgsccacop = f 7 (Isk=1 (X)) = [skoa (X))

Given n > 0 and assume for all =1 < m < n—1 we have constructed simplicial sets Z (m)
together with morphisms p(™ : Z(™ — sk, (X), ugywm : Z™ — Sing(f~(|sk,n(X)]))
such that

® Uy exhibits f~1(|sk,,(X)|) as geometric realization of Z(™)
e [p™)] equals f|s-1 (k. x)) as continous map f~(|sk, (X)]) = [skon (X))
o sk, (Z) = Z0 and p™ V| 0 = p™), as well as, Uym-1)|zom) = Ugm).

Let 0 : A" — X be an n-simplex. Let ¢, : 0A™ — sk, _1(X) be the attaching map and
®, : A" — sk, (X) be the characteristic map of o, as defined in [2.17, We construct the
pullback of p™~1) along ¢,:

¢

OA" Xy (x) 27N —— P2y gl
(VY P
OA™ oo > sky_1 (X)

By lemma and corollary [3.4] the pullback of f along |o| is a trivial covering space
projection, using that |A™| is simply-connected and locally path-connected. Concretely,
there exists a set F, and family of continuous maps (|o|; : |A"| — Z);cp, such that

[ip, A7 —9— 5

(lidan|)ieF, f

o]

| A"

X

2\
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is a pullback square. The outer square of the diagram

[icr, [0A"] ——— [l;cp, |A"] e Z

(lidoan )ier, (fidanl)iery f

lol

A — [X]

c \
7

A

and the outer square of the diagram

n - 16, .

OA™ X, ) 20| ZoD) g
[(p=Dy| [p(*=)|

DA™ 19| s |5kt (X)| —— |X]|

are the pullback square of the same diagram using remark [2.25] the fact that JA™ is
finite and the pasting law for pullbacks [16].

By proposition [2.44] restriction to connected components commutes with geometric re-
alization and by proposition [2.26] geometric realization is conservative. So, because
the same holds for (lidsar|icr,) : [L;cr, [0A"] — |0A"], (p"~D)" is an isomorphism of
simplicial sets, when restricted to any connected component of OA™ xg..  (x) Z (n=1),
where the set of connected components of OA™ X g, ,(x) 2 (»=1) is in bijection to F,. Let
Pt OA" — OA™ X g (x) Z(™=1 be the components of the isomorphism HiEFo OA"™ —
OA" X g 1 (x) 2"V with (p™~D)Y o p; , = idpan. Finally, we define Z(™ via the pushout

Hangd OA" ——— Han,r;d A"

i€F, i€F,
(¢50pi,0) (®i,0)
Zn=1) ¢ NAL;

Further, let p™ : Z(™ — sk,(X) be the unique map with p™ o Ci)w = &, for all
o€ XM ieF,and p™| -1 = p" V. Let uym : 2™ — Sing(f~*(|sk,(X)|)) be the

unique map such that wuywm)|zm-1) = uzm-1) and such that for every o € ijd, 1 € F, the
composition

Am 2y 7 220 Gin g (£ ([sk, (X))
equals the n-simplex |d;| : |A" — f~(|sk,(X)|) of Sing(f~*(|sk,(X)|)) under the
Yoneda embedding. Here |5;| is unique continuous map such that the composition

|A™] LN F7 sk, (X)]) = S equals |o|;. To see that the latter is well-defined note that
the composition

‘aAn’ |¢o"o|pi,o| ’Z(n71)| N S
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equals |olj|jaan|, by construction of p;,. To see that uym exhibits f~*(|sk,(X)|) as
geometric realization of Z(™ it suffices to prove that

Haexgd |0A™| < ’ HJEX;{d |A"|
i€F, iEF,
|65 [olpi,o| (&)

S (Iskn-1 (X)) < r [ (Iska (X))

is a pushout square. All spaces, which were mentioned in this proof, belong to the cat-
egory CGHaus of compactly generated Hausdorff spaces as this category contains all
covering spaces of its objects. In CGHaus/|X| there holds a fibered exponential law, see
[1, Thm. 3.5 (b)] or [15, Prop. 2.4]. Therefore, the pullback along f as an endofunctor
of compactly generated Hausdorff spaces over | X| preserves all colimits. The diagram
in consideration is obtained by pulling back a pushout square square along f. Namely
the pushout square for [sk,(X)| that is provided by the skeletral filtration of the CW-
complex | X|. Since colimits in the category CGHaus/|X| are computed in CGHaus
by [14, Prop. 3.6], our diagram is a pushout diagram, at least in the category CGHaus.
But the inclusion CGHaus — Top admits a right adjoint, given by k-ification, and
therefore preservers all colimits.

It remains to be checked that [p™| = f|;-1(s, (x)))- These maps agree on f~!(|sk,_1(X)|)
by the induction hypothesis. Let o € X2 i € F, and let vx : [sk, 1(X)] = |X]|,¢s :
7 Y(|skn(X)|) = S be the inclusions. We constructed the morphism uz» precisely such
that @w‘ = |G|, so the last diagram and the equation

fouisol|d)|=folol.=lo|=tx0]|P,|=1tx0 |p(") o Ci>w| =(x O |p(")| o ||

imply f o ts = tx o p™, which concludes the induction.
)
Define Z := colim,>oZ™, let p : Z — X be the colimit of collection of maps Z™ AN

sk, (X) < X and let uz : Z — Sing(.S) be the colimit of the maps

7 227, Ging(£71(|sk, (X)]) — Sing(S).

To see that uy exhibits S as a geometric realization of Z it suffices to check that the
canonical map colim,>of ' (|sk,(X)|) — S is a homeomorphism. Again by the fibered
exponential law, in the category CGHaus the pullback of the colimit of the diagram

0 — |sko(X)] = -+ = [sko(X)] — ... (6)

along f provides a colimit of the diagram @ with every term pulled back along f
separately. Pulling back every term in the diagram [f] separately in Top yields

0= [ (Isko(X)]) = -+ = [T (Iskn(X)[) = -+ (7)
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Since CGHaus — Top reflects limits and every f~!(|sk,(X)|) has been shown to be a
compactly generated Hausdorff space, as it is a geometric realization of a simplicial set,
pulling back every term in the diagram @ separately in CGHaus also yields diagram
(7). Because S is a compactly generated Hausdorff space and colim,,>¢|sk,(X)| = | X|,
we have that in both categories, Top and CGHaus, the pullback of the colimit of the
diagram @ along f equals S. Putting all this together, S is the colimit of the diagram
(7) in the category CGHaus and therefore also in Top. So, uz exhibits S as a geometric
realization of Z. Lastly, |p| and f agree because every point of S = |Z| is contained in
the geometric realization of |Z(™| = f~!(|sk,(X)|) for some n > 0. O

Lemma 3.10. For any diagram X 2 B &Y in sSet with p a simplicial covering space
projection and any continuous map f : |X| — |Y| with |p|o f = |q|, there exists a unique
lift g: X =Y of q along p with |g| = f.

Proof. We first do the proof for simplices:

Claim 3.10.1. For anyn >0 and o : A™ — X there exists a unique ¢ : A™ — 'Y such
that pod =qoo and fo|o| =|a].

Let p' and ¢’ be the canonical projections maps from the pullback A™ x5 Y of the
diagram A" % B & Y to A" and Y, respectively. By proposition a), p' is
an isomorphism restricted to any connected component and by proposition this
also holds for |p/|. Because A" is finite, |A™ xp Y| is the pullback of the diagram

|A"| lajelol, |X| & |Y| by remark [2.25 Hence, there exists a unique continuous map
A |A™ = JA" x5 Y| such that |0'| o A = fo|o| and |p'| o A = idjan|. We conclude from
the latter equality that there exists a unique s : A" — X Xpg Y such that p’ o s = idan
and |s| = A\. Now & := ¢’ o s satisfies

~ / / /
poo=o0' os=qoocop oo =qoo

and |5] = |0’ o s| = |0'| o |s| = |0’| o A = f o |g]. In fact, & is the unique morphism with
|G| = f o|o| because the geometric realization functor is faithful by proposition [2.26]
This proves the claim.

For all n > 0, define g, : X,, — Y, by mapping ¢ € X,,, to the unique ¢ constructed
in the above claim. Given any « : A™ — A" for any m,n > 0 and ¢ : A" — X. Then
0 o « satisfies the conditions in claim [3.10.1] applied to o o o : A™ — X. By definition,
gm maps the simplex o o a to 6 o a, i.e. gn(X()(0)) = X(a)(gm(c)) by the Yoneda
lemma. So, the components (g,)n>0 assemble to a morphism g : X — Y.

g satisfies p o g = ¢, because this holds on every simplex. Further, for every simplex
A" — X of X we have |g|o|o| = |6| = f o|o| and therefore f = |g| by proposition [2.23|

Finally, ¢ is the unique map with |g| = f, because geometric realization is a faithful
functor by proposition [2.26] O

Definition/Corollary 3.11. Let X be a simplicial set and let us define Cov(X) to be
the full subcategory of sSet/X consisting of covering projections. Then the geometric
realization functor induces an equivalence of categories Cov(X) — Cov(|X]).
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Proof. First of all, the geometric realization of a simplicial covering projection is a
covering space projection by [3.8] The functor Cov(X) — Cov(|X|),p — |p| is full and
faithful by lemma [3.10] and essentially surjective by [3.9] O

Corollary 3.12. Let f: (Y,y9) — (B,bo) and p: (Y, z9) — (B, by) be morphism in the
category sSet” with'Y connected and p a covering projection. Then there exists a unique
lift of f along p if and only if m(f)(m (X, z0)) € m(p)(m1(Y, 0))-

Proof. This follows from lemma [3.10] and the corresponding statement for topological
spaces in proposition [3.3] H

3.2. Normal coverings, chain complexes and classifying spaces

For any group G' we denote the integral group ring on G by Z[G].

Construction 3.13. Given a simplicial set X and a subgroup G of Aut(X). Then both
chain complexes C*(X) and C€W (X)) defined in definition become chain complexes
of left Z[G]-modules via defining g - ¢ = g(o) for all simplices ¢ of X and extending
linearly.

Definition 3.14. Given a morphism of simplicial sets p: Z7 — X.
Define Aut(p) := Autgser/x(p) to be the subgroup of Aut(Z) consisting of isomorphisms
of Z that lift p along p. For any n > 0 and ¢ € X,,, the group Aut(p) acts on the
connected components of the pullback A" xyx Z of A" & X & Z. where ¢ € Aut(p)
acts by mo(idan X x g).
When p is a covering projection, then the elements of Aut(p) are called deck transforma-
tions. In that case, we can identify the set {o} X, Z,, consisting of & € Z,, such that
p(6) = o, with the set of connected components of A™ x x Z. Explicitly, we identify &
with the connected component of A" X x Z that contains the image of the map induced
by ida» and 6. Under this identification g € Aut(p) acts on {o} xx, Z, by g-& = g(&).
We call a simplicial covering projection p normal, if the action defined above is tran-
sitive for all n > 0 and o € X,,.

Lemma 3.15. For any covering projection p : Z — X of simplicial sets with Z con-
nected, the group Aut(p) acts freely on the connected components of the pullback of the
diagram A" % X & Z, for anyn >0 and o € X,,.

Proof. This follows from the uniqueness statement in corollary [3.12] O

Lemma 3.16. A simplicial covering projection p : Z — X is normal if and only if
Ip| = |Z] — |X]| is a normal covering space projection. If Z is connected and zy € Z
then a simplicial covering projection p is normal if and only if im(m1(p, 20)) is a normal
subgroup m (X, p(20)).

Proof. Note that for a normal covering space projections f : S — T with S and T path-
connected, the deck-transformation group acts transitively on the connected components
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of the preimage of every evenly covered and connected subset of T'. Because my commutes
with geometric realization, as we described in proposition , when |p| is normal, then
so is p. The converse direction follows because every x € |Z] is contained in the image
of || for some simplex & of Z. The last statement already holds on the level of spaces
by [8, prop. 1.39]. O

Proposition 3.17. Given a morphism of simplicial sets p : Z — X with Z connected.
Let n > 0 and G = Aut(p). For any o € X,, choose a fized ¢ € Z, with p(¢) = o,
whenever such a lift exists. Define By, := {G}sex,, Bp® := {0} sexna to be the collection
of the 6’s for o iterating through X,, and X™, respectively.

When p is a normal covering projection, then the Z|G]-modules C2(Z) and CCY(Z)
are free with basis B, and B™, respectively.

n ’

Proof. When p is a normal covering projection, then Aut(p) acts freely and transitively
on the set {o} xx, Z, of T € Z, with p(7) = o, where g € Aut(p) acts via g - 7 = g(7).
So, the statement follows from construction [3.13] because C*(Z) and CCW(Z) are free
abelian groups with basis Z,, and Z4, respectively. O

Definition 3.18. Given a group G. We define a simplicial set EG via EG,, = [[[_, G

with dl((QOa s 7gn)) = <907 s 7§i7 s >gn> and Si<g07 s 7gn) = <907 <3 9iyGiy - - - 7gn) for
all 0 <7 < n. Further, we define BG to be the simplicial set given by the nerve of the

category defined by the group G, i.e. (BG)y only contains a tuple of length 0, denoted
(), and (BG), = [[_, G for n > 1. Further, for (g1,...,9,) € (BG), by definition

di(gla s 7gn) = (gla -3 9i9i+15 Git2s - - - agn) for 0 <i < T, d0(917 SR 7971) = (92; S 7971)’
dn(gr, -5 9n) = (g1,...,gn_1) and s; inserts 1 at the i*® spot of (g1,...,9,). It is well
known that both assignments G +— EG and G — BG define functors Grp — sSet.

Proposition 3.19. Given a group G. Then

q: EG — BG, (90,---,9n) > (95 91,91~ 92,95 " G3s---» Gt * Gn)

defines a normal covering space projection of simplicial sets with Aut(q) = G and |EG)|
contractible.

Proof. G acts on EG from the left via
QX EG%EGa g<g07agn) = (ggO>ggl>aggn)

q is given by the composition EG — EG/G LN BG, where the first map is the pro-

jection onto the orbit space and h is on representatives given by (go, g1,.--,gn) —
(90191,91 92, - -, 9, 19n). h is an isomorphism of simplicial sets with inverse given by
mapping (g1, ..., g,) to the equivalence class of

(1791,91'92791'92'93,---791'92'--~9n)-

|EG| is contractible and |EG| — |EG/G| a universal and therefore normal topological
covering space projection by [8, Exmp. 1B.7]. So, the same holds for ¢ by theorem
and lemma [3.16 O
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Corollary 3.20. Let (X,zo) € sSet" be connected, G any group and f : X — BG a
morphism such that m(f, xg) is surjective. Construct Z := EG X pg X with canonical
projections p: Z — X andt: Z — EG.

Then Z is connected and p a normal covering projection. Further, the map Aut(q) —
Aut(p), g — g X pq idx is a group isomorphism and im (71(p, 20)) = ker w1 (f, xo) for any
20 € Z with p(zo) = xo.

Proof. This follows from lemma 3.5 together with corollary and lemma because
mo and 7 both factor through geometric realization. O

Now the main idea for the first section of the next chapter is that any normal covering
projection p : Z — X with Z connected should arise by pulling back ¢ : E(Aut(p)) —
B(Aut(p)) along a suitable chosen X — B(Aut(p)). We will, in fact, try to find an
algorithm that constructs the required map X — B(Aut(p)) from the knowledge of the
normal subgroup im(m;(p)) of m (X, xo).
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4. Computation

4. Computation

4.1. Covering spaces

In this whole subsection we let Z and X be connected simplicial sets and p: 7 — X
a normal covering projection, where we denote G := Aut(p).

For the next construction, recall the notation and definition of vertices of simplices of
simplicial sets in definition 2.8 In the following, for o = (go, ..., s) € (EG),, we will
identify the i*" vertex o (i) of o with the group element g; € G.

Construction/Proposition 4.1. Let [ : Xg — Zy be a set function with pyol = idyx,.
Define f : Z — EG by sending o € Z, to (go,---,9n) € (EG),, where g; € G is the
unique deck-transformation such that g;*(o(i)) = l(p(c)(i)). Then f is a morphism

of simplicial sets and the composition Z % BG4 BG factors uniquely as f o p for
f: X — BG. Further, for any xo € Xo and zo := (), the sequence

0 — m(Z,2) me), (X, z0) m—()> 1(BG) —

is exact. Moreover, X LAY e, satisfies the universal property of the pullback of
x4 Bc & EG.

Proof. The g;’s in the definition of f exists uniquely because Aut(p) acts freely and
transitively on the fiber of p(c)(i). Further, by the simplicial identity

Up(0) (i) = g " (0(i) = g " (dj0(d)), for 0 <i<j<nmn,
Up(o)(i+1)) = gh(o(i+1)) = g3 (djo(i)) for0<j<i<n-—1

and therefore f(d;(0)) = d;(f(0)) for 0 <
Similarly, by the simplicial identity

l(p(djo (1)) = {

iy — 2 1@(0) @) = 9710 (i) = g, (50 (i), for 0<i<j<n,
7t {l<p<a><i—1>>:g:xo—(z'—l))=g;_a<sjo<z'>> for0<j<i<n+l

and therefore f(s;(0)) = s;(f(0)) for 0 < j < n. Hence, f defines a morphism of
simplicial sets. Moreover, g; *(0(i)) = I(p(c)(:)) implies (gg;) " (go(i)) = l(p(o)(i)) =
l(p(go)(i)) and therefore f(go) = g - (0) for all g,0. Hence qo f is constant on the
fibers of p and therefore factors as f o p for a unique f : X — BG.
Next, we take xg € Xy and set zg := [(xg) to prove exactness of the given sequence of
groups. Since |p| is a covering map, m1(p, zo) is injective. We have

m(f, m0) 0 m(p, 20) = m(q, (1)) o m(f, 20) = O,

because |EG| is contractible. Therefore im (7(p, z0)) C ker 71 (f, x0).
For any g € G we can find a path v from |zo| to |g(z0)| in |Z| using that Z is connected.
The path |q| o | f| oy represents g € 7 (BG), where we identify 71 (BG) with G as in [8,
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Prop. 1.40]. Now |q| o |f] o = |f] o |p| o v proves surjectivity of m; (f).

Next, take any loop v in | X| based at |xo| such that |f| o~ is null-homotopic. v lifts to
a unique path 4 in |Z| starting at |zo|. 4 has endpoint |g(zo)| for a unique g € Aut(p).
Since |f| o # lifts the null-homotopic loop |f| o v along the covering map |q|, |f] o 7
is a loop based at |(1)|, using the homotopy lifting property from proposition b).
Since (1) = |f] 0 3(1) = f(g(z0) = (g), we conclude g = 1, 50 [3] € m(Z,(zo).
Because 71 (p)([¥]) = [7],we conclude ker 7 (f) C im m(p), which concludes the proof of
exactness of the sequence in consideration.

For the last statement, let A be a simplicial set and o : A — X, 8 : A — EG be
morphisms such that f o a = ¢ o 8. We prove that there exists a unique morphism
t:A— Z withpot =« and fot = (. By passing to connected components (every
simplicial set is the coproduct of its connected components by proposition [2.37)), we may

assume that A is connected. Because m(f) o m1(a) = m1(q) o m(8) = 0, since |EG| is
contractible, we have im(m (a)) C ker 71 (f) = im 7, (p).

Let ag be 0-simplex of A. There exists a unique g € G with (ag) = (g). We conclude
from corollary [3.12] that there exists a morphism ¢ : (A, ag) — (Z, g-{(a(ag))) such that
pot=a. Now 3: (A, a9) = (EG, B(ag)) and fot: (A ay) — (EG,(g)) both lift foa
along ¢ and therefore agree by the uniqueness assertion in corollary Any other
morphism ¢ with pot = a and f ot = 8 must send ag to a lift of a(ag). Because p is
normal, there exists ¢’ € G with t(ag) = ¢' - l(a(ag)). Now

(9") = f(g" - Ualao))) = flo(ao) = Blao) = (g)
implies ¢ = g. So, both ¢, : (A,a0) — (Z,g - l(a(ag))) lift o along p and therefore

agree by the uniqueness assertion in corollary [3.12| Allin all, X & Z Iy BEG satisfies
the universal property of the pullback of X I BG & Fa. O

Lemma 4.2. Let | : Xg — Zy be a set function with py ol = id and construct f and f
as in construction[{.1 Letn > 2, 0 € X,,.
Define 7 := do(o) and p := dn(0). Let 6 € Z,, as well as, T,p € Z,_1 such that
(0) = U(0(0)), 7(0) = I(7(0)), p(0) = U(p(0)) and p(c) = o,p(7) =T, p(p) = p-
Then fori=0,...,n—1

F@)0) = () and £@)m) = @0 1) (FDn—2)" =1 (6)
Moreover, f(o) € G™ can be obtained from f(p) € G"! by adding the (n — 1)" entry of
f(7) at the n'" spot.

Proof. Both d,,(5) and p lift d,(o) along p and have 0"'-vertex [(c(0)). Hence, they
agree by proposition b). Fori=0,...,n—1
o(1) = dn(0)(i) = p(i) = [f(P)(D]U(p(0)) = [F (D) (D)1 (D)), (9)
using the definition of f in the third equality. Because p is normal and p(7) = p(do(7)),
there exists a unique g € Aut(p) with dy(6) = g(7). Fori=1,...,n
(i) = do(0)(i = 1) = g(7)(i = 1) = g(7(i — 1)) = g([f(7)(i = DI((7(i = 1))))
= [go f(T)(i = D]Ua(2))), (10)
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using the definition of f in the fourth equality.
For i =0,...,n — 1, equation (9) implies by definition of f that f(5)(i) = f(p)(4).
Because the action of Aut(p) is free on the fibers of p, the equation

(5 — Do —1) Bam—1) C [go 1(7)(n - 2)](Ue(n —1)))

implies g o f(7)(n — 2) = f(p)(n — 1). For i = n, equation (10 implies f(&(n)) =
go f(7)(n — 1) by definition of f. The combination of the previous two results yields

F(p)(n=1)- (f(F)(n=2))"" f(F)(n = 1) = go f(7)(n— 1) = f(&(n)).

This proves equation (8). By proposition E flo) = q(f(5), f(p) = q(f(p)) and
f(7) =q(f(7)). So the last statement of this lemma follows from the explicit form of ¢
in proposition and the given computation of f(&). ]

Recall the definition of Graph(X) in m From now on, throughout this subsection
4.1} T shall denote a subgraph of Graph(X), such that, when we consider Graph(X)
as an undirected graph with subgraph I', I' is a spanning tree in Graph(X).

Lemma 4.3. There exists a set function l: Xg — Zy with pyol = idx, such that for all
e € Edges(I") and all € € Z, the following holds: p(é) = e and dy(€) = I(dy(e)) implies
di(€) = (dy(e)).

Proof. Start with any zy € Zy and define zy := p(zp). Now let € X, be arbitrary.
Then there exist unique ey, ..., e, € Edges(I") with dy(eg) = x¢, di(ex) = = and d;(e;) =
do(e;41) for all : = 0,...,k — 1. Invoking proposition b), we might define &, to be
the unique lift of eq with dy(éy) = 2o and proceed, inductively, to let é; be the unique
I-simplex of Z such that dy(é;) = di(€;_1) and p(é;) = e; for i = 1,...,n. We define
[(x) :=di(€,). To see that this [ satisfies the required property, note that for any edge
e € Edges(I") the unique paths in T" from z( to di(e) and to dy(e), respectively, only
differ by traversing e at the end. O

From know on, throughout this subsection [ shall denote a function satisfying the
condition in lemma . Additionally, we fix a o € X and set zg := [(xg). Further, for
the remainder of this subsection we define {e;} € X" to be the set of nondegenerate
1-cells of X, which are not edges of T, i.e. Edges(Graph(X)) \ Edges(I") = {e;}.

Recall that in proposition [2.49| we have constructed a normal subgroup R of the free
group F'({e;}icr) and a group epimorphism « : F({e;}) — m1 (X, zo) with kernel R. For
the remainder of this subsection choose a collection {n;} C F({e;}) such that the
normal subgroup generated by {n;} U R in F({e;}) equals N := o~ (m1(p)(m1(Z, 20)))-
It is easy to imagine what is going on when I' is contracted to a point. Then the
e;’s are given by the nondegenerate edges of X and form loops. The n;’s are elements
of m (X, xo) represented by a finite concatenation of the loops e;, possibly traversed
backwards. We require that the normal subgroup generated by a({n;}) in m (X, zo)
equals m(p)(m1(Z, 20)).

Because p is a normal covering projection, there is homomorphism L, ., @ m (X, x9) —
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G = Aut(p), which sends the equivalence class of v : (1,0I) — (| X[, |zo|) to the unique
g € Aut(p) such that the unique 7 : (1,0) — (|Z], |20]) lifting v has endpoint |g(zo)|. By
proposition [3.3| ¢) and corollary L, ., is surjective and has kernel 7 (p)(m1(Z, 20)).

Lemma 4.4. Let e; € Edges(Graph(X)) \ Edges(T) and é € Z with p(é) = e; and
€(0) =1(é(0)). Then

é(1) = (Lyp o ale;))(l(ei(1))) and therefore f(€) = (1, Ly ., © a(e;)).

Proof. Choose a loop v : (I,01) — (|X]|,|xo|) such that v(I) C |I'| U |e;| and such
that there are unique s,t € I with vy(t) = |e;(0)] and v(s) = |e;(1)|. Further arrange
that ¢t < s and ([t,s]) = |e;|. Then «a(e;) = [y] by the explicit construction of « in
proposition Let 7 : (1,0) — (|Z],|20]) be a lift of v along the covering map |p|.
Then g := L, ., oa(e;) is the unique deck-transformation of p sending 2, to 4(1). Because
/10,4 is a path only living on edges lifting edges of I' and 5(0) = |I(xo)], lemma [4.3] yields
A(t) = |l(e;(0))] = |é(0)]. We obtain 5([t, s]) = im(|é|) because € is the unique lift of e
with é(0) = {(e;(0)). Therefore, (s) = |&(1)].

Because |g| 7' (¥(1)) = [l(zo)| and [g|™" o Ajs1) lives on edges lifting edges of T, lemma
[.3] yields [g|™' o (s) = [l(e;(1))]. All in all, |&(1)] = F(s) = |g(I(e;(1)))| and hence
é(1) = g(I(es(1))), which is what we wanted to prove. O

Corollary 4.5. The map f : X — BG satisfies: f(v) = () for allv € X, and

Fle) — (1), e € Edges(T),
7€) {((Lp,zo 0a)(e)), clse,

for all e € X Forallm > 2 and o € X,,, the tuple f(0) is obtained from the (n —1)-
tuple f(d,(0)) by adding the (n — 1) entry of f(do(o)) at the n™ spot.

Proof. BG has only one vertex, so the first statement is clear. Lemma guaranties
that all e € Edges(I') are send to (1). Lemma treats the case of nondegenerate
1-simplices not contained in Edges(I"). For higher dimensional simplices this is implied
by the last statement in lemma |4.2 O]

L,. oa: F({e}) — G is surjective and has kernel N. Hence there is a unique

isomorphism ¢ : G’ := F({e;}icr)/N — G such that the composition F'({e;}) 5adba
equals L, ., o o. Here 8 denotes the canonical projection. By proposition , p is the
pullback of f along ¢, therefore pulling back the covering map ¢ : EG' — BG' from
proposition along (B¢)~' o f yields a morphism p’ : Z’ — X, which is fiber-wise
isomorphic to p. Choose z, with p/(z)) = xy. Because p is a covering projection,
also p' : Z' — X is a covering projection. Moreover, p' satisfies m1(p')(m1(Z', 2})) =
m1(p)(m(Z, 29)) = N. Because we are in the following only interested in the isomorphism
type of p: Z — X in the category of simplicial sets over X, we will assume from now
on that

G =G’ and ¢ = idg. So, consequently L, ., oa=08,¢ =q, Z' =7 and p' =p. (11)
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Now suppose we are given N, but not p. Then we can still do construction [2.49to obtain
m1(X) and define 5 as the quotient map m1(X) — 71 (X)/N. This is implemented in the
first part of algorithm . Corollary immediately gives an algorithm to obtain f from
B. This is implement in the second part of algorithm [1, The third part of the algorithm
then constructs p : Z — X by pulling back ¢ : EG — BG along f.

Remark 4.6 (Implementing simplicial sets). Note that the given algorithm only “sees”
nondegenerate simplices, since this is the standard implementation of simplicial sets, as
in [17]. The used data structure implementing a finite simplicial set X consists of the set
of nondegenerate simplices of X, where for each nondegenerate simplex o its dimension
n and its faces are specified. The i*! face of o is specified by a nondegenerate simplex p
of X and I C [n — 1] such that d;o = s;p. Here we use the notation of convention [2.12]
That this data structure uniquely determines X is proven in proposition Such a
data structure describes a simplicial set if and only if the simplicial identities , ,
(3) are satisfied.

Remark 4.7. When we use algorithm [I| with N = 0 then we actually construct the
universal cover of X. The reason for requiring in algorithm [1| the index [m(X) : N]
to be finite is that skqim(x)(£G) and skaim(x)(BG) are only then finite simplicial sets.
Moreover, I want to remark that the image of 7(p)(m(Z, zp)) doesn’t change if we alter
xo because this corresponds to conjugating the normal subgroup N. The same applies
if we do the construction of ! in lemma by starting with a different 2y € Zy. This
justifies that we omit basepoints in algorithm [f}

Let n > 0. By proposition b) for any o € X,, there exists a unique ¢ € Z,, with
p(6) = o and 6(0) = [(c(0)). Because p is normal, the map

GxX,—Z,, (g,0)— g(o) (12)

is a bijection. By proposition b) the map also restricts to a bijection G x X2 — Znd,
The following lemma gives a precise answer to how this map fails to be natural.

Lemma 4.8. Letn > 1,0 € X,,, 0 <i <n and 7 := d;(0). By proposition[3.1b), there
is a unique ¢ € Z,, with po = o and 6(0) = 1(c(0)), as well as, a unique T € Z,_1 with
pT =71 and 7(0) = I(7(0)). Then for any g € G

f(@)(1), ifi=0,

13
1, else. (13)

di(9()) = (90 9:)(7) with g; = {
In the case n > 2, we additionally define p := d,,(c) and X\ := dy(p). By proposition
b), there is a unique p € Z,_1 with pp = p and p(0) = l(p(0)), as well as, a unique
X € Zn_y withph = X and A\(0) = [(M\0)). Then do(p) = go(\). Moreover, when p = sop’
for some p' € X,,_s, then go = 1.
Forn =1, we have

{B(U), if o is nondegenerate and o € Edges(Graph(X)) \ Edges(T'),
9o =

1, else.
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Algorithm 1 Covering space for given normal subgroup of m1(X) with finite index

Require: X: Finite connected simplicial set,
{eibicicm: XM\ {eq, ..., en} is set of edges of a spanning tree I' in sk; (X),
{n;}: elements of F'(ey, ..., en) generating N < my (X) with [m(X) : N] < o0.
(Here we identify 7 (X) with a quotient of F'(ey, ..., e,) via prop. [2.49))
Ensure: G: m(X)/N, p: Covering projection Z — X with im(m(p)) = N,
f: Morphism X — BG with 7, (f) surjective and ker m(f) = N,

f: Morphism Z — EG with X & Z Iy EG the pullback of X i BG + EG

Part 1: Construction of a presentation of G

Define F' := FreeGroup(ey, ..., en).

rels 1= [ ] > This empty list will contain relations s.t. F(ey, ..., e,)/rels = m(X)
for 0 € X3 do
Define z :=1 € F. > This is the relation that o adds to m (X)

for :=10,1,2 do
if djoc = e; for some j =1,...,m then
L | Set z =z % (g;) V.
 rels.append(z)
Define 5 : F — G := F/ <relsU{ny,...,ns} > to be the canonical projection.

Part 2: Construction of f : X — BG

7(1}) = () € BGy for all v € Xy > The empty tuple shall be the unique vertex of BG

for e € X1 do

if e = ¢; for some j =1,...,m then

HO) = (Bley)

else

 He =

forn=2,...,dim X do

for 0 € X do
si(7) :=do(0), sj(p) == d,(0) > 7, p nondegenerate as in[2.17
f(o) is the n-tuple obtained from the (n — 1)-tuple s;f(p) by adding the last
entry of s;f(7) € G at the n' spot.

Part 3: Construction of the covering map

Construct the covering map ¢ : skqim x (EG) — skqim x (BG).

Obtain X & Z %5 EG as the pullback of X 5 skyy x(BG) <~ skaym x (EG)
return G,p, f, f
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Proof of lemma[/.8 For i > 0 taking the 0™-vertex of a simplex commutes with d;. So,
we have 7(0) = ¢(0) and therefore 6(0) = 7(0), as well as

di(9(3))(0) = g(a(0)) = g(7)(0).

In conclusion, d;(g(5)) and g(7) have the same 0*'-vertex. As both of these simplices lift
d;oc = 7 along the simplicial covering map p and have the same 0*'-vertex, they agree
by proposition b).

On the other hand, 7(0) = d;(0)(0) = o(1). Define gy := f(&)(1). Then, by definition
of f in construction [4.1, we have

(1) = go(l(a(1))) = g0(L(7(0))) = 90(7(0))- (14)

Both g o go(7) and do(g()) lift 7 = dy(0) along the simplicial covering map p and have
the same 0*'-vertex by the following equation:

do(9(5))(0) = 9(6(1)) 2 (g0 90)(7)(0)

Hence, dy(g(d)) = (g0 go)(7) by proposition 3.1/ b). This concludes the proof of the first
statement of this lemma.

Now assume we are in the situation described for the case n > 2. The 0™ vertex of dy(p)
equals p(1) = (1) and the 0™ vertex of A equals p(1) = o(1). We have already seen
that (1) = go(I(c(1))). Putting these observations together we obtain

do(p)(0) = 5(1) = go(l(0(1))) = go(I(A(0))) = go(A(0)) = go(1)(0).

Both dy(p) and go(A) lift do(p) = A along the simplicial covering map p and have the
same 0'"-vertex, hence these simplices agree by proposition b). .
In the case p = sop’ for some p € X,,_o, then 0(0) = (1) and (0) = o(1). Therefore

g9o(l(e(1))) = a(1) = 6(0) = I(a(0)) = I(o(1)),

s0 go = 1 by lemma [3.15] applied to o (1) € Xj.

Now assume n = 1. For ¢ € Edges(I') we have f(5) = (1,1) because [ was chosen to
satisfy the properties in |4.3] In the case that ¢ is nondegenerate and o is not a edge
of I, we have computed f(&) in lemma [4.4] to be (1, L, ., o a(c)). But convention
says L, ,, oo = (. By the already proven part of the lemma, gy = f(7)(1), which equals
L,., oa(o) = B(o). The only remaining case is that o is a degenerate 1-simplex and
then (1) = &(0) by proposition [3.1|b). The equation (1) = ¢(0) = I(c(0)) implies by
the definition of f that f(¢)(1) = 1. But we have already seen that go = f(¢)(1). O

For all n > 0, the set of nondegenerate n-simplices of Z is in bijection to X" x G by
(12). By lemma , the faces of a 1-simplex in Z are determined by, firstly, the faces
of its image under p in X and, secondly, 8. Again by lemma [4.8] for n > 2, the faces
of any n—simplex in Z,, are determined by, firstly, the faces of its image in X under p,
secondly, GG, and, thirdly, the faces of all simplices in Z of dimension < n. In this way
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we obtain an algorithm that computes Z in the sense of remark by induction on n
from the knowledge of X, G and 3. In algorithm [2| we record the pseudocode for this.
Instead of taking 8 and G as input, in algorithm [2, 8 and G are constructed from the
sets {n;} and {e;} as in the first part of (T]).

Now suppose we are interested in the chain-complex CW(Z) from construction m
We know for all n > 0 from proposition that the Z[G]-module CW(X),, has basis
{6}sex,, where p& = o and 5(0) = I(c(0)) for all ¢ € X,,. So, to compute CW(Z)
it suffices to give the matrices representing the boundary operators with respect to this
basis. We can read of the coefficients of d(&) with respect to this basis from lemma [4.8]
provided that 8, G and X is known. Again, we can compute § and G as in the first
part of algorithm 1| from the sets {e;} and {n;}. We obtain algorithm , which computes
C®W(Z), when X and the sets {e;} and {n;} are given.

Remark 4.9. The given algorithms [1], [2 and [3] require the user to compute a spanning
tree and to input the sets {e;}, {n;} depending on that tree. In some cases it might be
convenient for the user to provide the normal subgroup N < (X)) by loops in the 1-
skeleton of the simplicial set X instead of computing I'. For this purpose we can modify
the first part of these algorithms, by replacing them as in algorithm
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Algorithm 2 Covering space for given normal subgroup of 71 (X) with finite index

Require: X: Finite connected simplicial set,
{eib1<icm: X4\ {e1,...,en} is set of edges of a spanning tree I in sk; (X),
{n;}: elements of F(eq,...,e,) generating N < m1(X) with [m(X) : N] < 0.
(Here we identify 1 (X) with a quotient of F(ei, ..., e,) via prop. [2.49)

Ensure: p: Covering projection Z — X with im (m(p)) = N

Part 1: Construction of a presentation of the group G

This is exactly the same as in algorithm [T}

Part 2: Construction of Z

For all v € X and all g € G define a 0-simplex g - v € Zj.
for e € X7 and g € G do

v:=dy(e),w := dy(e)

if e = ¢; for some j =1,...,m then
 Define a 1-simplex g - € with dy(g
else

~ Define a 1-simplex g - € with do(g-¢é) = g - and di(g - €) = g - 0.
forn=2,...,dim(X) do

for 0 € X’ and g € G do

di(0) = sp,(1;) for i = 0,...,n, do(7,) = s7(N\) > 70, A nondegenerate as in
if 0 ¢ 1,, then

~ Obtain gy € G from do(1 - 7,) = s4(go - )), which has already been set.
else

. Set go:=1€G.

Define an n-simplex ¢ - ¢ with:

do(6) = s1,((g-go) - 70) and d;(g- ) = s, (g-7;) fori=1,... n.

Deﬁne Z as the simplicial set with Z24 = { d:9€G,0e X} foralln>0.
Define p: Z — X via g - ar—>0forall gEGandannd

return p

[

€)= (g-B(ej)) -0 and di(g-€) =g - w.
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Algorithm 3 Chain complex of covering space for given normal subgroup N of 71 (X)

Require: X: connected simplicial set, X4 = {O'YL), - ,05,2} for all n < dim X < oo
{eibicicm: XM\ {eq, ..., en} is set of edges of a spanning tree I' in sk; (X),
{n;}: set of elements of F'(ey,...,e,) generating N < m(X).

Ensure: {Mi}lgigdim(X): Matrices representing the boundary operators of the Z[G]-

module chain complex CCW(Z) with respect to a basis as in proposition m
Here Z is a covering space of X with m(Z) = N and G := m(X)/N.

Part 1: Construction of a presentation of G

This is exactly the same as part 1 in algorithm

Part 2: Construction of CCW(Z)

R :=Z[G]
deckTrnsf := {n: [| forn=1,...,dim(X)} > encodes the go’s from algorithm
brdyComplx := {n : M,, := matrix(R, m,_1,m,) forn=1,...,dimX} © M, :=0
fori=1,...,m; do
aj(-o) = doai(l), a}(€0) = dlogl), Mlk,i]— =1 > Obtain list indices j, k
if 01(1) = ¢, for some r =1,..., m then
 deckTrnsf[1].append(B(e;)); Mi[j, il+ = B(e;)
else
- deckTrnsf[1].append(1); M;[j, 4]+ = 1
forn=2,...,dim X do
fori=1,...,m, do
forr=1,....,ndo
if d,o™ = 05-"71) is nondegenerate then
L M+ = (1)
dna§n) = S[(O'](-s)) > Obtain degeneracies, dimension s and list index j of (Z,Ifff"
if 0 el then
if do(gl@)) = U,(cn_l) is nondegenerate then
 Mylkyil+ =1
deckTrnsf[n].append(1)

)

else
go := deckTrnsf[s][j]; deckTrnsf[n].append(go)
if do(c™) = 0" is nondegenerate then

L L L L Mn[kal]+:go
return brdyComplx
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Algorithm 4 Modification of the first parts of the algorithms [I], 2] and

Require: X: finite connected simplicial set,

{ni}o<i<s: each n; a list of tuples (oy,, ki), - . -, (airi, ki, ), where oy, € Xpd

ing
k‘i kiT. . . .
and k;; € Z such that o;" -+ 0; " is forming a loop in sky (X).

Ensure:

Part 1: Construction of a presentation of G

Compute a spanning tree I' in Graph(X).
F := FreeGroup(ey, . .., €,) for X4\ Edges(T') = {e1,...,em}.

rels ;=[] > This empty list will contain relations s.t. F(eq,..., en)/rels = m(X)
for 0 € X34 do
Define z:=1€ F > This is the relation that o adds to 7 (X)

for:=0,1,2 do

L if djoc = e; for some j =1,...,m then
| Set z = zx ()"

~ rels.append(z)

fort=0,...,s—1:do

N; := F.one()

for j=1,...,r;: do

L if 0;, = ¢; for some [ = 1,...,m then

B Set N, = N, * efij.
Define 8 : F — G := F/ <relsU{Ny,..., Ny} > to be the projection.
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4.2. Combinatorial torsion of chain complexes

Definition 4.10 (Combinatorial torsion of a chain complex). Let F be a field or more
generally a principal ideal domain, d € Ny, mg, ..., mg € Ny and C' a chain complex of
[F-vector spaces with

0, if £ <0,
Cr=qF™, if0<k<d, (wedemand equality, not a mere isomorphism),
0, if k> d,

and boundary maps 0y : C, — Ci_1.

We will refer to the three properties that the chain complex C' satisfies as bounded, finitely
generated and based (by the standard basis). Finitely generated will be abbreviated by
f.g. and refers to the chain groups being finite dimensional.

If C' is not exact, we define 7(C') = 0 € F. When C' is acyclic we do the following. For
all 0 < &k < d+ 1 choose a basis {bg’“‘l)}ogmm of im(dg) C Cx_1 with ry_; € Ny. For
every 0 < k < d the sequence

0 — im(Fpsr) = Cp 25 im(8y) — 0

is split exact, so there exist {bZ Jrrk}o<l<r,c . in Cx = F™ such that Byb) ; +Tk = bgk_l)

for 0 < i < 7,_; and such that {bi }0§2<mk is a basis of C), = F™. We define the
(combinatorial) torsion of the chain complex C as

Hdet B NEDET e

where (b[()k feen ,bg:k 1) € Mat,,, m, denotes the my x my-matrix with ¢-th column given

by the column-vector bik) e .

Remark 4.11. The definition of 7(C) in is independent of the choice of the basis
{b (k=1) }0<Z<rk , of im(0y) and the lifts {b Yo<icr, , in F™ for all 0 < k < d. A proof
of this can be found in |20, lem. 1.3].

1+

Proof of algorithm [3. We have to show for all 0 < k < d+ 1 that firstly, the constructed
{b (b=1) }0<Z<Tk . are a basis of im(J) and that, secondly, {b }0<z<mk , forms a basis of
™. We prove this by induction on k, where the induction step is backwards from k to
k—1. Clearly, the statement holds for £k = d+1. Let us therefore assume that 1 < k < d
and by induction hypothesis we may assume that {bg’“)}ogmk is a basis of im(Jk41) and
that {bgk)}ogkmk is a basis of F*. We know that C}; decomposes as a direct sum of two
subspaces, where the first summand given by ker(dy) = im(04+1) = span({bgk)}ogiqk)
and the second summand is mapped isomorphically to im(d) by Ok. Since {bgk)}ogkmk

(k)

is a basis of F™™, the second summand must be given by span(b;” : rp < i < my)
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Algorithm 5 Torsion of a bounded, f.g., based acyclic chain complex over a PID F

Require: C' an acyclic, bounded, based and finitely generated chain complex over F.
Ensure: 7 € * the combinatorial torsion of C'

1:rg:=0

2: Define {bgd’}0§i<md to be the standard basis of F.

3: fork=d,d—1,...,1do

4: Th—1 = Mg — Tk

o b =9 for 0 < <.

6: Extend {bgkil)}ogqm1 to a basis {bgk)}ogkmkfl of Fme-1,
7: return 7 ;= Z;é det(bo, . . . ,bmk_l)(_l)kJrl

and therefore the collection {&gbz(.k)}rkgKmk forms a basis of im(dy) C F™-1. But by
definition {@bgk)}rkgkmk = {bg’“*”}ogm,ﬁl and any linearly independent subset can be
extended to a basis of F"*. O

Remark 4.12. When F C C we might realize line 6 of algorithm [5| by computing a basis
over F of the kernel of the adjoint (conjugate transpose) of the matrix

@F %D 0,00, 0) € Maty, ., (F).

Y Vr_1—1»

This suggests that we could also give an algorithm for combinatorial torsion that only
talks about matrices and not about vectors.

Algorithm 6 Torsion of a bounded, f.g., based acyclic chain complex over F C C

Require: {D®}, o<,
D® ¢ Mat,,, _,.m, (F) represents the boundary operator Cy — Cj_; of a chain
complex C over FF C C with respect to a distinguished basis. C' is assumed
to be f.g., exact and bounded by 0 and d € N.

Ensure: 7 € F* the combinatorial torsion of C.

Define r4 := 0 and r4_1 := my.

Define K@ € Mat,,, n,(F) to be the identity matrix.

for k=d,d—2,...,1do
Define ry_9 := myp_1 — 141 € Z.

L Solve (DWW K®)t. K=Y = 0 € Mat,, ,,,_,(F) for K*~Y € Mat,,, ,,,,(F) such
that K*~1 has full rank.

return 7 := [[{_, det(D® K®) | g*:-1D)D",

Proof of algorithm[6. To see that algorithm [6] yields the correct number, we compare it
to algorithm |5, The translation goes as follows: The {bﬁ’“*”}oqufl correspond to the
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columns of the matrix D® K®*) By construction and dimension reasons, the columns

of K¥=1 gpan the orthogonal complement of the image of D® K®) So the columns
of K*=1 correspond to the {b(k Y }Tk—1S74<mk—17 which explain how the formula for 7 in
algorithm [6] arises from algorithm [5] O

Remark 4.13. The advantage of algorithm [6] is that, if we use a matrix decomposition
of D®) K®) to solve for K*~1) we can later use the same matrix decomposition to com-
pute the determinant. Say we have computed a LU-decomposition D®) K*) = PL(%)
with P € Mat,,, , m,_,(F) a square permutation matrix, L € Mat,,,_, m,_, (F) a lower
triangular matrix with every diagonal entry equal to 1 and U € Mat,, , ,,_,(F) an up-
per diagonal matrix, such that (¥) € Mat,,, . ,(F). Then (D®K®)I = (UT|0)LI PT
and we see that K(k U is given by the last 7_s-columns of P(LT)7!, ie. K*-1 =

P(LH! (I ), where I,, , € Mat,, ,,, ,(F) is the identity matrix and (1 ) €
Tk—2 Tk—2
Mat,,,_, r_,(F). Further,

ommm 8y ()
— sgn(P) det (L (%) [zh™ (IS))
— sgn(P) det (L (%%) @ (8 n ))

The last formula would simplify a lot if L. was unitary. This suggest that we might
use singular value decomposition for computing torsion of exact bounded f.g. chain
complexes over C.

Proof of algorithm[7. We extend the recursive definition of 7 in algorithm [7] by setting
r, = 0 for all £ > d and prove the following statement by induction on k € Z:

If C is exact at C; for all j > k, then r;_; =m; — rk(D (+1) ) for all ¢ > k. (15)

We start the induction by k& = d and the induction step will go from k to k — 1. The
case, k = d is clear. Now assume the statement holds for £ + 1 and that C is exact at
C;, for all j > k. By induction hypothesis r;_; = m; — tk(D@V) for all i > k and by
definition r,_; = my — rx. Plugging the former equation, for ¢ = k + 1, into the latter
equation, yields

Fh1 = Mg — 15 = My — (Mg — rk(DF2)) = my, — (Mg — ker(DEFD))

by exactness at k+1. Therefore, r,_; = my —1k(D®* V) by rank-nullity, which concludes
the induction step.
Since C'is a complex, C' is exact at C}, if and only if

rk(D(k+1)) > dim ker D®) = m,, — rk(D(k)) — rk(D(k)) > my — rk(D(kH))_
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Algorithm 7 Torsion of a bounded f.g. based chain complex over C

Require: {D }1<k<d
DW ¢ Mat,,, _, m, (F) represents the boundary operator Cy — Cj_; of a
chain complex C' over C with respect to a distinguished basis. C' is assumed
to be f.g., exact and bounded by 0 and d € N.

Ensure: 7 € C the torsion of C, which is non-zero if and only if C' is acyclic.

Define ry :=0€ Z; r4y_1 :=mg € Z and 7 := 1 € C.

Define K@ &€ Mat,,, n,(C) to be the identity matrix I,,,,.

for k=d,d—2,...,1do

Th—g = Mj_1 — Tp_1 € 2.

Compute a singular value decompositon D*) = US V1 with singular values ¢,
where zero singular values appear last in 2.

if 7x_1 > my_q or (rg—1 > 0 and (., , =0) then

. return 7 = 0.

W= (I, _,|0)VIK® € Mat,, ., (C).

Set 7 = 7 - det(U) V" - ([T ¢) " - det(W) -1

B 0
K& .— . I € Mat,,,_, ., (C).

Tk—2

if r_; =0, then return 7; else return 7 = 0.

This is the case, if and only if the following holds:
my, = rk(D*FV) or (1 <myp— rk(D*+Y) < my_y and ¢, my—tk(Dk+1)) 7 0), (16)

recalling that the singular values ¢; of D®) are ordered.
Combining equation and , yields that algorithm returns 0, if C' is not exact.
Now assume that C' is acyclic and we prove that algorithm [7| returns the same number
as algorithm [6] This would then conlcude the proof, since the torsion of an acyclic chain
complex is, in particular, non zero. Equation [I5] exactness of C' and the rank-nullity
theorem imply that 7;_; = rk(D®) for all 0 < i < d.
Fix some 0 < k < d and consider some singular value decomposition D*) = UXV*
with U € U(mg-1), & = (¢, G5 0,...,0) € Maty,, , m,(C), V € U(mk). Then
(D® KN = (KEYIVISTUT, The matrix

K*V.=U € Maty,_, r,_,(C)
[kaz 7
with ( 0 ) € Mat,,, _, »._,(C) has orthonormal columns and satisfies
k-2

(D® KN K6=D — 0 € Mat,, ,,,_,(F).
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So, we may assume that we have picked this specific K*~1) in algorithm @ Further, we
can write

dia, ooy Gry) O
popa ( &G . Gris) 0) € Maty,,_, m, (C). (17)
We may write (35) = VIK®™ € Maty, ., ,(C) for W € Mat,, ,,, ,(C) and W’ €
Mat,, ,_,(C). We obtain that
SVIK® = (dlag(g’ o ’le)W) € Matu, ., (C).
Hence,
det(DH K®| K E1) = det (UZVTK(’“) ‘ U ( IO >) = det(U) det (EVTK ®) ‘ (IL))
Tk—2 Tk—2
— det(U) det diag(Cy, .-, G )W 0
0 L“k72
Tk—1
= det(U) (H Q) det(W),
i=1
which was what we wanted to prove. O

Remark 4.14 (Remarks on an implementation of algorithm [7). We don’t need to safe
the K*)’s in algorithm , so we could overwrite them in every step of the for-loop.
Also, we might want to check whether r,_; > m;_; in the beginning of the loop, which
would safe us to compute one more singular value decomposition, when we will return
0 anyhow.

If r,_y = 0 for some k and C; is exact for all 7 > k, then we see from the proof of
algorithm [7] that D*+1) is surjective. Because C' is a complex, then D®) = 0 and C*)
will be exact at k. One possible singular value decomposition of D®*) is then given by
U = I,,,_, the identity matrix, 3 € Mat,,, , m,_,(C) the zero matrix and V1 = I,,,, the
identity matrix. Now W € Matgo(C) must have determinant 1, and [;%;" ¢; = 1 is the
empty product. Further, ry_o = my_q and K*1 = U = I, .. All in all, it makes
sense to check in the beginning of the for-loop in algorithm [7] whether 7,_; = 0. In
this case, we don’t need to compute a singular value decomposition of D®) but could
instead set K¢~ = I, _,, Tk—2 = my_1 and leave 7 unaltered. Then we could continue
the for-loop with k£ — 1.

Remark 4.15 (Algorithm [7] also works for F C C). If F C C then algorithm [7] still gives
the correct number. This is because we might view the chain complex as a chain complex
over C from the beginning and, as we know that 7(C) doesn’t depend on the chosen
basis, it does not matter if the coefficients have stayed in F all the time or not. Further,
tensoring a finitely generated free chain complex over F with C preserves and reflect
exactness, so we might check exactness over I or C and obtain the same result.

If F C R, we could force algorithm [7] to only use real matrices by doing real valued
singular value composition.
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4.3. Reidemeister torsion

Definition 4.16 (Reidemeister Torsion). Let X be a finite, connected simplicial set
with universal cover Z and fundamental group G, which we identify with the deck
transformation group of the covering projection Z — X. Let d be the boundary map of
the left-Z[G]-module chain complex CCW (7).

Suppose for all k € Z the boundary map 9, : CSW(Z) — CEW(Z) is represented by
a matrix M®* with coefficients in Z[G] with respect to the basis’ X2 and X, for
CEWV(Z) and CCY(Z), respectively.

Let ¢ : G — GL(C") be a n-dimensional complex representation of G which induces a
ring homomorphism ¢ : Z|G] — End(C") from the integral group ring over G to the
endomorphism ring of C".

Define the twisted (normalized) chain complex CCW (X, ¢) with k-th chain group

given by the C-vector space CS™ (X, ¢) = @ o-C" forall 0 <k <dim(X) (18)

d
oeXy

and k-th boundary map

OOV (X, 0) = OV (X, 0): ojrve Y o (M), (19)

O’iGX,:LLil

The chain complex CCW(X,¢) can be based by the standard basis as suggested in
equation . Further, C°W (X, ¢) is finitely generated and bounded. So, we might
define the Reidemeister torsion

(X, ¢) = 1(C°V (X, ¢)) € C*/(xim(det 0p)) U {0},

as the combinatorial torsion of C°W (X, ¢), which we defined in definition but we
will identify nonzero values that differ by multiplication with elements in +im(det og).
Note that by definition 7(X, ¢) = 0 if and only if C°W (X, ¢) is not acyclic.

Remark 4.17. The twisted chain complex C°W (X, ¢) is isomorphic to CW(Z) @z C",
considered as a right C-module. Here C" becomes a left Z[G]-module via the ring
homomorphism ¢ : Z|G] — End(C") and the left End(C™)-module structure on C".

Remark 4.18. Equation is saying that the matrix of 8,‘? with respect to the distin-
guished basis of CCW (X, ¢) is obtained from the matrix M®*) by replacing every entry
Ml(];) =2 4ec 49, (ag € Z,a, = 0 for all but finite g), with the matrix 3, a,¢(g).

For example, if G = {1,v} = Z,, ¢() = (_01 _01> and M®) = (1 67 _71), then

82) is represented by the block matrix

(2 0|—-1 0 \I
2 -1
0 0 € Mat4,4(<C).
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Lemma 4.19. 7(X, @) is independent of the choice of lifts o € X that determine the
Z|G]-basis of CEW(Z).

Proof. Note that if we change the Z[G]-basis of CEW (Z) by replacing a lift 5 of 0 € X
with g(&) for some deck-transformation g € G, then this corresponds to multiplying
(X, ¢) by det(¢(g)) V", But we explicitly defined 7(X, ¢) only up to such factors. [

Remark 4.20. Let X be a finite simplicial set with fundamental group G and Euler
characteristic x(X). For any n-dimensional representation ¢ : G — GL,(C) of G we
have that the Euler characteristic of the twisted chain complex CW (X, ¢) is n - x(X).
So, CCW (X, ¢) can only be acyclic if x(X) is zero. Hence Reidemeister torsion is only
interesting for simplicial sets X with x(X) = 0. This is the case, for example, when | X|
is homotopy equivalent to a odd-dimensional manifold, see [8, cor. 3.37].

Proposition 4.21. The Reidemeister torsion 7(X,¢) is independent of the simple-
homotopy type of | X|. So, by (2], T(X, @) is, in particular, independent of the homeomor-
phism type of | X|, which, in turn, implies that (X, ¢) is independent of the isomorphism
type of X by proposition [2.26,

To prove the previous proposition we assume some familiarity with torsion of chain
complexes C, denoted 7(C), over arbitrary rings and simple-homotopy theory as dis-
cussed in [11], [3] and [20]. We will write K;(R) and WH(G) multiplicatively for any
ring R and group G.

Lemma 4.22. (11, lem. 1.10] Let n,m > 0 an R a ring. Let A € GL,,(End(R")).
Let B € GLyw(R) be the matriz where the (i,5)"-block represents A;; with respect to
the standard basis of R™. Then the assignment A — B induces a group isomorphism

Lemma 4.23. Let n > 0, R a ring, and C an chain complex of End(R™)-modules.

Assume that Cy, = 0 for k <0 and k > d and, moreover, that C) has basis {e§k)}0§i<mk
forall0 <k < d.

Define C" := C @pgnarry R as a chain complex over R, where we consider R" as a left
End(R"™)-module via matriz multiplication. Then C" is bounded and for all0 < k < d the

-----

basis of R".

Further, C" is acyclic if and only if C' is acyclic and in that case
7(C") = h(7(C)) € Ki(R)
for h the isomorphism from lemma [{.23

Proof. If C' is acyclic, then C' admits a chain contraction using that C' is free and
bounded. Hence, also C’ admits a chain contraction and is, in particular, acyclic.
Now assume that C” is acyclic and take ¢ € ker(9y) C Cy—1. Then for all s =1,...,n
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there exist b, € C}_, with Oy (bs) = c® f, i.e. (D a_;bs) = > 1 ; c® fs. We may write
by = Zogigmk e; @ v; s for some v; s € C* for all s =1,...,n. Define My, € End(R") by

Vig, ifl=ss,
Ms,i(fl) - { ’

0, else,

and set b, : ZO<z<mk si€i € Cg. Then, for 0 <1 <n,

ak(gs)@)fl: ( ®fl <Z 61®Mszfl>—{ak(bs)zc®fs’ ifl:sv

0<i<my 0x(0) =0, else.

Hence, for b := )", b, we have (b)) @ f, = ¢® f, for all s = 1,...,n. Say a =
(b)) — ¢ = X ocicm, , @ei for some a; € End(R"). Then for all s = 1,...,n and
1 € I,_1, we have

0=0k(b)® fi—cOf=a® fi= Y  e®alf)

0<i<mp_1

so a;(fs) = 0 for all 0 < i < my_;. Since {fs}s=1,._n forms a generating system of R",
we obtain a; = 0 for 0 <4 < my_1, which proves 0 = a = ¢ — 0k(b). In other words, c is
a boundary. As ¢ was an arbitrary cycle, we obtain that C' is acyclic.

Now assume C'is acyclic. By [3], §14.] there exists a finitely generated, based End(R")-
module F' such that im(0y @ idp) C Cy_1 ® F is free for all 0 < k < d and such that
T(C @ F) =7(C), as well as, 7(C") = 7((C & F) ® R™). So, we may replace C' with
C @ F and assume that im(0dy) is free for all 0 < k& < d.

Because )
is split exact, for all 1 < k < d + 1, there exists {b; k_l)}0<l<rk_l in Cy_, forming a basis
of im(9y) C C’k 1 and there are {bmnk}0<l<,ﬂ,c . with 8k Hm = bgkil) for 0 < i < rp_y
such that {bl- }0§l<mk is a basis of C.

For 0 < k < d let A® € Maty, , (End(C")) satisfy 0 = S, AMel™ for all
0 < j < my. Then by [3], §16.1]

d
(€)= [Jra™ =
i=0
For all 0 < k < d, the collection {b ¢ & fsYo<i<r, ., forms a R-basis of im(87) C C4_,

s=1,....,n
and 0, (bﬁrm ® fs) = bz(-k Ve fsforall0 <i<rp_q;and1<i<n.
Define B®*) ¢ Mat,,.im, nm, (C) to consist of m3 blocks of n x n-matrices, where the

(1, 7)"-block is the matrix representing Ag? with respect to the standard basis. Then
forall 0 <k <d

> B @ s)- X Peali- Y Ao i-ies

0<i<my, 0<i<my 0<i<my
s=1,....,n
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forall 0 <i < my and s =1,...,n. So, by [3, §16.1] applied to C’, we have

d
(@) =B
i=0
and by the definition of A in lemma we have h([AF,]) = [BW)], which concludes the
prove of this lemma. n

Proposition 4.24 (Invariance of Reidemeister torsion). Let X,Y be finite connected
simplicial sets. Let Z,W € sSet be universal covers of X and Y, respectively. Let G
and H be the fundamental groups of X and Y, respectively, which we identify with the
deck-transformation groups of Z — X and W — Y, respectively. Let ¢ - H — GL(C")
be a homomorphism. Define ¢ == ¢ om(f) : G — GL(C"). Let f : |X| — |Y] be a
homotopy equivalence and 7(f) € WH(H) be the Whitehead torsion of f. Then

7(Y,¢) = 7(X,9) - (detoh 0 §.)(7(f)) € C*/(&det op(H))) U {0},
where

e &, is the group homomorphism WH(H) — Ki(End(C"))/ + ¢(G) induced by ¢ :
H — GL(C")

o h: Ki(End(C")/ £ ¢(G) = K,(C)/ £+ ¢(G) is the group isomorphism induced by
h from lemma[.29

o det : K1(C)/ £ ¢(G) — C*/ £ ¢(G) is the group isomorphism induced by the
determinant.

Proof. The group homomorphisms ¢ : H — GL(C) and ¢ : G — GL(C") induce ring ho-
momorphisms ¢ : Z[H] — End(C") and 1 : Z[G] — End(C"). By lemma@ the chain
complexes CCWV(Y,¢) := CCWV(W) @z End(C") and CCV(X,4)) := CWV(Z) @z
End(C") are acyclic if and only if CCW (Y, ¢) and CCW (X, ) are acyclic, respectively.
By [20, thm. 9.1, CCWV(Y,¢) being acyclic, implies the same for CSW(X,4). The
converse direction holds by applying [20, thm. 9.1] to a homotopy inverse of f. Hence,
CCW (X)) is acyclic if and only if CCW(Y,¢) is acyclic. We now assume that this

holds. By [20, thm. 9.1], we have

T(COW(Y,9)) = 7(CV(X,¢)) - du7(f) € Ki(End(C")/ + ¢(H). (20)
Applying h to equation and then using lemma yields that

VY, 6) B R(r(COV(Y, 8))) B h(r(COW (X, 1)) - h(gar(f))
(OO (X,4)) - h(6r(f)) € Ki(C)/ + ¢(H) (21)

and now the result follows by applying the isomorphism induced by the determinant to
equation (21)). O
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Proof of proposition[4.21]. This follows from proposition because simple homotopy
equivalence satisfy 7(f) = 1. O

Lemma 4.25. Let ¢ : G — C",¢p : G — C™ be representations of the fundamental
group G of a finite, connected simplicial set X. Then

T(X, 0@ ¢) =7(X,0) - 7(X,¢) mod det ¢(G) - det (G).
Moreover, if ¢ and v are equivalent, then 7(X, ¢) = 7(X, ).

Proof. Using the notations of definition [4.16] the assignment
CV(X, )@ CWV (X, ) — CV(X, @), (0;-0)® (07 w) = 0;- (VB0)+0;- (0B w)

induces an isomorphism of chain-complexes that preserves the distinguished basis. So,
T(CWV(X,p @ 1)) = £7(CV(X, ¢)) - T(CW (X, %)) by [20, lem. 3.4], which proves
the first statement.

Now suppose there is A : C* — C” invertible with Ao (¢(g)) = (¢(g)) 0o A: C* — C”
for all g € G. Then, using the notations of definition the assignment

CWV(X,¢) = CV(X, W), 0-vs 0 Av

induces an isomorphism h of chain complexes. This already proves the statement in
the case that CCW (X, ¢) is not acyclic. Now let us assume that CCW (X, ¢) is exact.
The image of the distinguished basis of CEW (X, ¢) under hy, is obtained from the distin-
guished basis of CCW (X, 9) by applying the block matrix diag(4, ..., A). So, unraveling

definition [4.10]

dim(X)
T(CV(X,0)) = [ (det(A)F5)D" (W (X, ).

k=0

Because X has Euler characteristic zero, we obtain

dim(X) .
[T det(A)=D""" = det(A)Ei™ CO#0) — qeg(A)° = 1,
k=0

which proves the statement.

A more conceptual proof of the second statement of the lemma is the following:
We might identify 7(X, ¢) with the torsion of C€WV (X, ¢) := C°W(2) ®z(c) End(C") in
K1 (EndC"))/¢(G), as we did in the proof of proposition .24 Here we consider End(C")
as a left Z[G]-module via the ring-homomorphism 1 : Z[G] — End(C") induced by .
Also, CCW (X, ¢) is considered as a chain-complex of right End(C")-modules.

Suppose ¥ and ¢ are equivalent. Then, there exists a linear isomorphism A : C* — C"
such that (¥(g)) o A = Ao (¢(g)) for all g € G. Now

h:CV(X,0) = CV(X, ), c@M—o®AoM
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defines an isomorphism of chain complexes of Z[G]-modules which preserves the dis-
tinguished basis. h also gives an isomorphism between CCW (X, q~5) and CCW (X, @) as
chain complexes of right End(C")-modules. Since h preserves the distinguished basis,
we have 7(CCWV(X, ¢)) = 7(C°W(X,)) € K1(End(C")) and the result follows. O

Remark 4.26. 7(X, ¢) equals +1 for every rational representation of a finite fundamental
group 71 (X) because every such rational representation is equivalent to a representation
by integer matrices, which have determinant +1.

Remark 4.27. Let X be a finite, connected simplicial set with finite fundamental group
G. Let ¢ : G — C" be a presentation of G. Then |det¢(g)] = 1 for all g € G,
because g, and hence, det ¢(g) € C* has finite order. Therefore, the absolute value
|7(X, ¢)| is always a well-defined non-negative real number. In the case, that ¢ is a real
representation, 7(X, ¢) is defined up to a sign.

Moreover, by complete irreducibility, ¢ is equivalent to a direct sum of irreducible
complex representations v, ..., 1, of G, i.e. ¢ ~ 1 & ...1,.. By lemma we have
IT(X,¢)| = [1'—, I7(X,4;)]. So, if we are only interested in orthogonal representations,
or, if we are only interested in the absolute values of torsions, it suffices to compute
7(X, ¢) for all irreducible representations of G.

Remark 4.28 (Application of Reidemeister torsion). Let us use the notation of proposi-
tion and assume that H is finite and that CCW (Y, 1)) is acyclic for all non-trivial
irreducible representations of H.

By [11, thm. 6.9] an element w € WH(H) has finite order if and only if ¢,(w) = 1
for every irreducible orthogonal representation ¢ of H. For ¢ the trivial representation,
é.7(f) = 1 by remark . So, using proposition , and [11, thm. 6.9], we obtain
that 7(f) has finite order in Wh(H), if and only if 7(Y, ¢) = 7(X, ) for all irreducible
orthogonal representations 1 of H.

This result can be strengthened in the case that H is, moreover, abelian. By [11}
thm. 6.4], WH(H) is a free abelian group of finite rank. We obtain that f is a simple-
homotopy equivalence if and only if |7(Y, ¢)| and |7(X, pom(f))| are equal non-negative
real numbers for every orthogonal representations ¢ of H.

Proof of algorithm[§. Let us denote the fundamental group of X with G and let Z — X
be a universal covering projection. We identify G with the deck-transformation group
of the covering projection Z — X.
Algorithm [3|applied to X, {€; }o<icm, {ni} = 0 computes CW (Z) by giving the matrices
M®) of the boundary operators with respect to the Z[G]-basis of the chain groups used
in the definition of Reidemeister torsion in [4.16, To obtain the twisted chain complex
CW(X, ¢) we have to replace the matrices M*) with matrices with coefficients in C
by the recipe given in remark [£.18]

The given algorithm [§] does exactly this, but in one step, i.e. we do algorithm [3] but
replace the matrix entries already when they are computed. O]
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Algorithm 8 Reidemeister torsion of simplicial set X for given representation of m (X)

Require: X: Connected simplicial set, X4 = {aik), e ,aq(ff,Z} for all £k < dim X < oo,
{eiticicm: X4\ {e1,...,en} set of edges of a spanning tree T in sk (X),
v: {e1,...,en} — GL,(C) inducing a homomorphism ¢ : m;(X) — GL,(C).
(Here we identify 71(X) with a quotient of F(ey, ..., e,) via prop. 2.49)

Ensure: 7: The Reidemeister torsion 7(X, ¢) € C.
(Here 7 = 0 if and only if C°W (X, ¢) is not exact.)

deckTrnsf := {k: [] for k =1,...,dim(X)} > encodes the go’s from algorithm
twistComplx := {k : M}, := matrix(C,n - mg_1,n-my) for k=1,...,dim X}
> These matrices are defined to be zero and will be filled later
fori=1,...,m; do
crj(p) = doai(l), O'l(o) = dlagl) > Obtain list indices j, [
Set Mj.submatrix(nl, ni,n X n) = —I, to be the identity matrix.
if 01(1) = e, for some r =1,...,m then
 deckTrnsf[1].append(¢(e;)); Mi.submatrix(nj, ni,n x n)+ = (e;)
else
~ deckTrnsf[1].append(I,,); M;.submatrix(nj, ni,n x n)+ = I,
for k=2,...,dim X do
fori=1,... my do
forr=1,...,k do
if dTO',L-(k) = aj(-kfl) is nondegenerate then
L . Mj,.submatrix(nj, ni,n x n)+ = (=1)"I,
dkai(k) = 51(0](5)) > Obtain degeneracies, dimension and list index of (IA.UEA’)
if 0 €l then
if do(aik)) = al(k_l) is nondegenerate then
. Mj.submatrix(nl,ni,n x n)+ = I,
deckTrnsf[k].append(1)
else
go := deckTrnsf[s][j]; deckTrnsft[k].append(go)
if do(afk)) = al(k_l) is nondegenerate then
| Mj.submatrix(nl, ni,n x n)+ = go

Apply algorithm [7] to the chain complex twistComplx to obtain its torsion 7 € C.
return 7
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5. Implementation

All algorithms discussed in this paper have been implemented in |18, SageMath] and are
available under https://github.com/fNeugebauer/Computation-of-Combinatorial-Torsion
together with example computations. The source code with examples is also printed in

the appendix of this bachelor thesis.

5.1. Implementation of simplicial sets

We use the implementation of finite simplicial sets that is provided by SageMath and
documented in the reference manual [17].

One of our main examples, that we used to test our algorithms, are lens spaces. To
construct simplicial sets with geometric realization a given lens space, we implemented
a function in SageMath that computes joins of simplicial sets, as well as, a function that
computes joins of morphisms of simplicial sets.

Let p € N5 be a positive integer and ¢1, . . ., g, € Z be integers such that ged(p, ¢;) = 1
for all i = 1,...,n. Fix a p®-root of unity ¢ € C*. Define p; : S* — Stz (% - x
for all i = 1,...,n. Then the n-fold join of the morphisms p; yields a continuous map
F: 8?1t 5 §2n=1 given by the composition

R e =

As FP = id, F generates an action of Z/(p) on S?"~'. The quotient of S?"~! by this
action of Z/(p) yields the lens space L(p; qi, ..., qn)-

We construct L(p;qi,. .., q,) as follows. We define S! as a simplicial set consisting of
p non-degenerate 1 and p non-degenerate O-simplices arranged in a circle. Now we can
construct p; : S' — S' as a morphism of simplicial sets that sends the k" 1-simplex
to the (k + ¢ mod p)™ 1-simplex. As we implemented joins of morphisms of simplicial
sets, we are able to construct F' as the join p; % py x -+ - % p,. To obtain L(p;qi,...,qn)
we take the coequalizer of the identity and F'.

5.2. Calculation with groups

For all calculations involving groups we use the [6, GAP] interface that is provided with
[17, SageMath]. In particular, we use a GAP function that simplifies group presentations
to get more attractive results.

One algorithm we implemented, that is not explicitly given by one of the algorithms
described in this paper, is a SageMath function we called all_r_torsions. The function
takes as input a finite, connected simplicial set X and, firstly, computes a presentation of
its fundamental group G. If GAP can detect that G is finite, then the function asks GAP
to compute all irreducible representations of G. For every irreducible representation ¢
of G, we ask GAP to provide the matrix ¢(e;) for every generator e; of the computed
presentation of G. The function all r_torsions then returns the Reidemeister torsions
of X with respect to the computed representations. The last part of the function is
implemented as described in algorithm [§]

23


https://github.com/fNeugebauer/Computation-of-Combinatorial-Torsion

5. Implementation

5.3. Calculation with matrices

For the computation of the torsion of an acyclic, bounded and based chain complex
of finite dimensional C-vector spaces, we implemented algorithm [7| in [18][SageMath].
For the singular value decomposition we used a [7][NumPy| function. We implemented
torsion of chain complexes to be computed with double precision floats, so we can not
expect more than 15 significant decimal digits precision.

Also, our implementation of algorithm [§| yields a twist complex where the boundary
operators are given by matrices with entries double precision complex numbers. The
field of double precision complex numbers is refered to by “CDF” in [18][SageMath].
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A. Appendix: Example Calculations and Source Code

The following is an export of the Jupyter notebook available under https://github.
com/fNeugebauer/Computation-of-Combinatorial-Torsion.
We implemented, among others, the following functions in [18][SageMath]:

1) A function with has input a simplicial set X and a normal subgroup N C m;(X)
with finite index. The function returns a covering projection p : Z — X such that
psm1(Z) = N and Z is connected.

2) A function with has input a simplicial set X and a normal subgroup N C my(X)
with finite index. The function returns a covering projection p : Z — X such that
psm(Z) = N, Z is connected and p is given as the pullback of a universal covering
projection skaim(x)(EG) — Skaim(x)(BG), where G := m(X)/N. The function
returns the pullback square.

3) A function that constructs the join of two simplicial sets, as well as, a function
that constructs the join of morphisms of simplicial sets.

4) A function that constructs the lens space L(p;q,...,q,) for given p € N5y and
qi1y.--,4n € 7.

5) A function that computes the combinatorial torsion of a bounded, based chain
complex of finite-dimensional C-vector spaces.

6) A function that computes the Reidemeister torsion of a given simplicial set X
for a given finite-dimensional complex representation ¢ : m(X) — C" of the
fundamental group of X.

7) A function that has input a simplicial set X with finite fundamental group G
and returns the Reidemeister torsions of X with respect to all complex irreducible
representations of G.

Moreover, we computed, among others, the following examples:

1) Some finite index covering spaces of the torus and the surface of genus 2.
2) The Reidemeister torsions of the following lens spaces:
L(5;1,1), L(4;1,3,1), L(5;2,3), L(7;1,1), L(7;1,2), RP®.
We compared these numbers to the theoretical results in [20, thm. 10.6].
3) The Reidemeister torsions of the Poincaré homology sphere.

4) The Reidemeister torsions of the following products:
Sy x RP?, L(3;1,1) x RP?, L(3;1,1) x S?, L(3;1,2) x RP?,
L(3;1,2) x §?, L(3;1,2) x L(3;1,1), L(3;1,2) x CP* RP? x CP*.

These examples all satisfied the formula 7(X x Y, ¢ ® 1) = 7(X, )XV )7 (Y, p)XX)
for ¢, representations of 7 (X) and m(X), respectively.
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